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Abstract 

Partial Redundancy Elimination (PRE) is an effective optimization for 
eliminating partially redundant expressions and includes the effects of 
common subexpression elimination and hoisting loop invariant 
expressions. There have been some previous attempts to realize PRE on 
the Static Single Assignment (SSA) form, which is a suitable intermediate 
form for optimization. However, such attempts are generally difficult 
because of the uniqueness of variable names in the SSA form. For 
example, a variable that is used in several contexts in the normal form 
may be assigned a new name for each context in the SSA form, so it is 
difficult to identify the same variables in the two forms. To handle such 
problems, previous methods performed complicated processing by using 
special data structures. 
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To deal with this problem, we pay attention to the so-called Conventional 
SSA (CSSA) form and phi congruence class (pcc). Using these concepts, 
we can identify the same variables in the normal form and the SSA form. 
We therefore propose a method for transforming PRE algorithms for the 
normal form to those for the SSA form. This transformation is a universal 
one, so, in principle, it can transform any PRE algorithm that has ordinary 
processes (selecting insertion points and inserting expressions, and 
replacing expressions) to the SSA form, without changing the framework 
of the original PRE algorithm, independently of the algorithm. Finally, as 
an experiment, we apply this method to Lazy Code Motion (LCM), which 
is a representative PRE algorithm. We confirmed that the transformed 
LCM in the SSA form performs PRE correctly and produces object code 
with the same efficiency as PRE in normal form. 

1. Introduction 

1.1. Background 

Partial Redundancy Elimination (PRE) is an effective optimization that 
eliminates partially redundant expressions, containing the effect of common sub-
expression elimination and hoisting loop invariant expressions. An algorithm for 
PRE was first proposed by Morel et al. [12], and many improved algorithms have 
been proposed since that work [6, 7, 8, 10, 11, 13]. 

Some researchers have attempted to realize PRE on the Static Single Assignment 
(SSA) form [9]. 

The SSA form is an intermediate representation suited to optimization and has 
been actively investigated recently. However, when we want to realize PRE on the 
SSA form, it involves the following difficulties. 

• A single variable in the normal form may take different names by renaming 
in the SSA form. 

• Variables in the SSA form must satisfy certain conditions, so variables 
cannot be moved intact when moving code to a different block. 

(They will be explained in later sections.) 

We propose a general method (hereafter our method) to realize the PRE 
algorithm on the SSA form that solves these problems. 
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1.2. Outline of our method 

Now, we present an outline of our method. 

 

Figure 1. PRE in normal form (left) and PRE in SSA form (right). 

We illustrate the process of a general PRE algorithm in normal form in Figure 1 
(left). The main part of the algorithm is “Select expressions to be inserted and the 
insertion points.” 

On the other hand, if we construct the corresponding algorithm in SSA form by 
our method from the PRE algorithm in normal form, the process will be as shown in 
Figure 1 (right). The three parts corresponding to the original PRE algorithm are: 
“Select expressions to be inserted and the insertion points”, “Insert expressions” and 
“Replace expressions.” The latter two are the insertion of ”“ bat +=  and the 
replacement of ”“ ba +=L  by ”,“ t=L  and are the same for any PRE algorithm. 
Therefore, the part that depends on the original PRE algorithm is actually only 
“Select expressions to be inserted and the insertion points.” This process can be 
described in SSA form, without changing the essence of the algorithm, by using the 
information of “phi congruence classes (pccs)” (described later) instead of textual 
information of variables. Therefore, PRE algorithms following the process in Figure 
1 (left) can be transformed into the SSA form by using our method. 
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Figure 2. A simple example of partial redundancy elimination (PRE). 

2. Partial Redundancy Elimination and the SSA Form 

In this section, we present partial redundancy elimination, the SSA form, and 
the problems of PRE in the SSA form that are the premise of our work. 

2.1. Partial redundancy elimination 

In executing a program, it may happen that there is a path in which the value of 
an expression is computed again, even though the current value of that expression 
has already been computed. PRE is a method of optimization whereby such 
redundant computation is replaced by the already computed value. Figure 2 is the 
simplest such case. If we perform partial redundancy elimination on the left 
sequence, we derive the right sequence. 

In general, as the name “partial” redundancy suggests, the computation is 
redundant only when a certain program path is executed. Partial redundancy 
elimination can also eliminate redundancy in such cases. For example, in the 
program in Figure 3 (left) the computation is redundant when the path is executed 
from the upper left, but it is not redundant when the path comes from the upper right. 
Thus, this situation is partially redundant. 

For such a program, the computation of ”“ ba +  can be made redundant in any 
path (called totally redundant) by inserting the corresponding computation in the 
block at the upper right. As a result, redundancy can be eliminated (Figure 3 right). 

 
Figure 3. An example of PRE. 
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Figure 4. Normal form (left) and SSA form of a program (right). 

As shown above, the fundamental processing of PRE is: 

1. insert an expression in the program to make a partially redundant 
expression totally redundant, 

2. eliminate the expression that is made totally redundant. 

Finding such expressions to be inserted and the insertion points is the key point of 
any PRE algorithm; the various algorithms differ in how they achieve this, which 
results in different levels of optimization. 

2.2. SSA form 

A Static Single Assignment (SSA) form is a representation of a program in 
which the definitions of variables are made lexically unique in the program [1, 2, 5]. 
“Static” means that it refers to the textual form of the program. Variables are 
renamed so that their definitions become unique. This is usually made by attaching 
subscripts to variables. As a result, in SSA form, each variable is defined in only one 
place in the program or internal representation (see Figure 4). 

 
Figure 5. An example of a φ-function. 

At the join point of the different definitions of a variable, we insert a 
hypothetical function called φ-function, which combines the different definitions. 

For example, in Figure 5 (right) ( )”,“ 213 xxx φ=  means that the value of 1x  is 

assigned to 3x  when control flow comes from the basic block at the upper left, and 

the value of 2x  is assigned to 3x  when control flow comes from the basic block at 

the upper right. 
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The SSA form is known to be a representation of a program that is suited to 
optimizations in programming language processing, and has been actively 
investigated recently. 

2.3. PRE on the SSA form 

PRE is a powerful optimization, but realizing it on the SSA form is not easy for 
the following two reasons. 

• Variables that are recognized as the same variable in normal form are 
recognized as different variables because of the attachment of suffixes in 
SSA form, so detecting “the same expressions” becomes difficult. 

• If we simply perform code motion to a different basic block, there is a 
possibility that the conditions of the SSA form are not satisfied. 

For example, the two occurrences of ”“ ba +  in Figure 6 (left) are candidates 
for PRE, but they have lexically different forms when we transform into the SSA 
form shown in Figure 6 (right). We cannot then judge whether these two expressions 
are the same and redundant. This is the first problem. 

 

Figure 6. Normal form and SSA form for PRE. 

Moreover, even if we could recognize that ”“ 11 ba +  and ”“ 13 ba +  are the 

same, we cannot insert ”“ 13 ba +  from the bottom block of Figure 6 (right) into the 

upper right block, because if we insert the code as it is, 3a  is used before it is 

defined. This is the second problem. 

In [9], PRE on the SSA form is proposed, but the algorithm requires 
construction of a special graph and the complex analysis of that graph separately 
from the control flow graph. In the algorithm of [4], the SSA form reverts to normal 
form in the PRE process. 
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3. TSSA Form and CSSA Form 

A Conventional SSA (CSSA) form is defined as an SSA form such that if we 
replace all variables belonging to a phi congruence class (abbreviated to pcc 
hereafter, to be described shortly) to the same representative variable and delete the 
corresponding φ-functions, we obtain the normal form that has the same program 
semantics [15]. This was originally the property satisfied by the SSA form 
immediately after translating a normal form into SSA form by the algorithm of 
Cytron et al. [5]. An alternative statement of this condition is that there is no 
interference (overlap of live ranges) between the variables in a particular pcc.1 

 
Figure 7. Transformation of TSSA form to CSSA form. 

A pcc is the set of variables in the φ-function (including the left-hand side of the 
φ-function, and similarly hereafter). Note that if a variable appears in different φ-
functions, we merge all variables of both φ-functions. 

In the CSSA form, a pcc is the set of variables that can be replaced by the same 
representative variable after deleting φ-functions to obtain the normal form. 

However, if we perform an optimization transformation on the SSA form, the 
abovementioned property of the CSSA form does not hold in general. That is, 

                                                           
1By this definition, “replacing variables in a pcc by the same representative variable results in 
the equivalent program” is the necessary and sufficient condition of the CSSA form. 
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interference between variables in a pcc may occur. Such an SSA form is called a 
Transformed SSA (TSSA) form. In our method, we perform translation from the 
TSSA form to the CSSA form using the technique of [15] before performing PRE. 
In the following, we briefly show the technique of [15].  

In Figure 7(a), there is an overlap of live ranges between variables 3a  and 2a  

(i.e., 3a  and 2a  interfere). We can delete such interference between the variables in 

the φ-function by inserting a copy statement and transforming the code into Figure 
7(b) or Figure 7(c). Figure 7(b) is an example of a transformation such that the live 
range of the left-hand side of the φ-function is set to the minimum, and Figure 7(c) is 
an example of transformation such that the live range of a parameter of the φ-
function is set to the minimum.2 

 

Because there is no interference between ,1a  ,2a  and 3a  in the 

left figure, we replace all of them by the same variable a and 
remove the φ-function. Then we have the normal form in the right 
figure. 

{ } aaaa →321 ,,  

Figure 8. A characteristic of the CSSA form. 

4. Phi Congruence Class 

A phi congruence class (pcc) is the set of variables connected by φ-functions. 
For example, in Figure 8 (left), 321 ,, aaa  are connected by the φ-function 

                                                           
2The live range of the parameter variable of a φ-function finishes at the end of the 
corresponding predecessor block of the basic block where that φ-function resides, and the live 
range of the left-hand side variable of a φ-function is from the top of the basic block where 
that φ-function resides. 
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( )”,“ 213 aaa φ=  and belong to the same pcc. As a result, the pcc of Figure 8 

becomes { }.,, 321 aaa  

If a variable belongs to two or more φ-functions, the pcc becomes the set of all 
variables belonging to those φ-functions. This merging process continues until all 
such variables exist. A simple example is shown in Figure 9. The variables in the φ-
functions are { }zyx ,,  and { },,, wxu  respectively. Because x is common to the two 

sets, the two pccs are merged and the final pcc becomes { }.,,,, wuzyx  

As shown in the previous section, if we replace the variables belonging to each 
pcc in the CSSA form by each representative variable, we obtain a normal form 
program that has the same semantics. Therefore, we can say that “variables 
belonging to the same phi congruence class in the CSSA form correspond to a 
lexically equal variable in a normal form”. If we use this fact, one problem in 
performing PRE on the SSA form, that is “detection of the same expression”, is 
solved. In other words, although the judgment of the same expression in normal 
form is made by lexical equivalence of variables, the judgment in the CSSA form 
can be made instead by whether the variables belong to the same pcc. 

 

pcc of { }zyx ,,1 =φ  

pcc of { }wxu ,,2 =φ  

merged pcc { }wuzyx ,,,,=  

Figure 9. Merging pccs. 

The following shows the outline of the algorithm to construct a pcc for a flow 
graph, fg. 
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Algorithm 4.1 (Construction of a pcc) 

makePhiCongruenceClass(FlowGraph fg){ 

for(each φ-function phi ∈ fg){ 

Construct a pcc from the variables connected by phi; 

      } 

Merge pccs that have common variables; 

} 

Next, we show how to identify, using the pcc, the equivalence of two given 
expressions expr1 and expr2. 

Algorithm 4.2 (Identification of the equivalence of expressions using pccs) 

same(expr1, expr2){ 

if (operators and types of expressions expr1, expr2 

are equal respectively){ 

if (pccs that operands of expr1, expr2 belong to 

are equal respectively){ 

  return true; 

} 

} 

       return false; 

} 

5. Selecting the Expression to be Inserted and its Insertion Point 

The selection of the expression to be inserted and its insertion point are 
performed by the PRE algorithm that is chosen. However, in doing this in CSSA 
form, the PRE algorithm is changed so that instead of checking the equality of 
variables, it checks whether the variables belong to the same pcc, as shown in the 
previous section. 
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6. Insertion of Expression 

When the PRE algorithm finds a partially redundant expression, it inserts the 
statement “temporary variable = expression” at the insertion point found by the 
previous section (the upper right block in the case of Figure 10), and converts the 
partially redundant expression to totally redundant. Because we must save the 
computation result to a temporary variable for later processing, we also insert a 
similar statement immediately before the original redundant computation of the 
original predecessor block (in this case, the upper left block). 

When performing such an insertion, the condition that the SSA form must 
satisfy becomes a problem. That is, if we simply insert an expression, there is a 
danger that the use of a variable may precede its definition. Therefore, in performing 
the insertion, we must rewrite the variable to a variable name so that this problem of 
insertion cannot arise. In our method, we perform insertion of expressions as in the 
following example. 

 
Figure 10. The program before applying PRE. 

In the program in Figure 10, consider inserting ”“ 13 ba +  to the point 

immediately before ”“ 111 bax +=  of the upper left block. First, for each variable 

of the expression, we follow upwards from the insertion point the points that 
dominate the insertion point. Then, when we find the definition of a variable that 
belongs to the same phi congruence class as the variable currently being considered, 
we make the found variable the variable of the expression to be inserted. In this 
example, for the variable ,3a  we search for the definition of a variable belonging to 

the same pcc, and we find the definition ”1“ 1 =a  of 1a  that belongs to the same 

pcc as 3a  (Figure 11). 

Therefore, when actually inserting the expression, we rewrite 3a  as .1a  
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The treatment of 1b  is not shown in the figure, but we assume there is a 

definition statement of 1b  upward. Then, 1b  is the variable to be inserted. From the 

above, we know that the rewritten expression ”“ 11 ba +  must be inserted in the 

upper left block (Figure 12). Here, we defined 1t  as the new temporary variable for 

later use. 

In the example so far, we have performed insertion in the upper left block. In 
the usual PRE algorithm, we also insert an expression in the upper right block. 
Therefore, assuming that there is an insertion point immediately after ”2“ 2 =a  of 

the upper right block, and applying a similar process, we finally obtain 
”“ 122 bat +=  (Figure 12). Here, we defined 2t  as the new temporary variable for 

later use. 

In the following, we show the algorithm that inserts expression expr to the 
program point p. We assume expr to be a op b. op is an operator, a, b are operands. 

 

When we trace the block to be inserted (upper 
left block) upward along the dotted arrow, we 
find the definition of 1a  that belongs to the same 

pcc as .3a  

Figure 11. Search for the definition of a variable that belongs to the same pcc. 

Algorithm 6.1 (Insertion of expression) 

insertExpr(expr, p){ 

Follow upward the points that dominate p, 

and search for the definition of variable a′  
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that belongs to the same pcc as a; 

Follow upward the points that dominate p, 

and search for the definition of variable b′  

that belongs to the same pcc as b; 

Make a not yet defined variable ;it  

Insert an assignment statement ati ′=  op b′  at p; 

} 

7. Preparation of φ-functions 

After insertion of temporary variables, we prepare φ-functions for those inserted 
temporary variables. 

7.1. Constructing φ-functions 

First, we construct φ-functions for temporary variables at the dominance 
frontiers of blocks where we have inserted expressions of the form ,kji bat +=  

according to the algorithm for making the minimum SSA form [5]. If we construct a 
φ-function for the temporary variables in the program in Figure 12, we obtain Figure 
13. 

 

Figure 12. The program immediately after insertion of expressions. 

Note that on the left-hand side of the φ-function, we can assign a name of a 
temporary variable that is not yet used ( 3t  in the example of Figure 13). For the 

variables on the right-hand side of the φ-function, we assign a tentative name at this 
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point of time. This is because although in Figure 13 the right-hand side variables of 
the φ-function are 1t  and ,2t  which already exist, it is possible that “a temporary 

variable of the left-hand side of another φ-function may be inserted by this process”, 
such as .3t  In that case, “the correct variable” may not exist when required, 

depending on the order of construction of φ-functions, and the right-hand side cannot 
be determined after inserting all φ-functions. 

 

Figure 13. The program after creating φ-functions for temporary variables. 

In the following, we give the algorithm for making φ-functions. 

Algorithm 7.1 (Making φ-functions) 

insertPhi( ){ 

for(each block blk where we inserted expressions){ 

if (the φ-function is not yet inserted in the 

dominance frontier df of blk){ 

Create a new variable ;it  

Create arbitrary variables kj tt ,  as 

dummy variables; 

Insert in df a φ-function ( );, kji ttt φ=  

} 

} 

} 
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7.2. Renaming of variables in φ-functions 

After inserting φ-functions for temporary variables in a general way, we rename 
temporary variables in the right-hand sides of φ-functions to appropriate names. 

For example, in Figure 13, consider renaming jt  of the expression =3“t  

( )”., kj ttφ  In this case, we follow dominating blocks from the upper left block of 

the subject φ-function, and find the expression inserted in the previous section or the 
φ-function made by Section 7.1 (we record the information about these expression or 
the φ-function to be found in advance). Then, when either of them is found, we 
replace the variable in the φ-function by the temporary variable of that left-hand 
side. In this example, because the expression ”“ 111 bat +=  of the upper left block 

is the expression inserted in the previous section, we replace jt  by its left-hand side 

.1t  To replace ,kt  we similarly follow from the upper right block. In this example, 

because we find the expression ”,“ 122 bat +=  we replace kt  by its left-hand side 

.2t  Figure 14 shows these search processes, and Figure 15 is the final program after 

renaming. 

In the following, we show the renaming algorithm. Here we use the notation 
( )”:,:“ bkaji LtLtt φ=  to represent precisely the φ-function. This means that we 

use jt  if the control comes from the block ,aL  and use kt  if the control comes from 

the block .bL  

 

Figure 14. Changing parameter names in a φ-function. 
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Algorithm 7.2 (Renaming parameters of φ-functions) 

rename( ){ 

for(each φ-function inserted ( ))bkaji LtLtt :,:φ= { 

Follow upward from the block aL  the blocks that dominate the block, 

and when we find an inserted expression or a φ-function inserted, 

then replace jt  by its left-hand side; 

Follow upward from the block bL  the blocks that dominate the block, 

and when we find an inserted expression or a φ-function inserted, 

then replace kt  by its left-hand side; 

Make the renamed parameter variables of the φ-function be the 

same pcc; 

} 

} 

8. Elimination of Expressions that have become Redundant 

Elimination of an expression that has become redundant is actually the 
replacement of the expression by the temporary variable just introduced. At that 
time, we must select the correct temporary variable. For the one subject expression, 
all the temporary variables inserted belong to the same phi congruence class. For the 
current example, there are three variables that store the result of ”,“ ba +  i.e., 

,,, 321 ttt  and they belong to the same pcc. We assume that the pair of an expression 

and its corresponding pcc of temporary variables, such as ”“ ba +  and { },,, 321 ttt  

are recorded. Thus, when replacing the result of ”“ ba +  by a temporary variable, 
we simply search the temporary variables belonging to the pcc: { }.,, 321 ttt  

Specifically, from the point where the expression to be replaced exists, we follow 
upward the path of points that dominates this point, and when we find the definition 
of a variable belonging to the pcc shown above, we replace the expression by that 
variable. 
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Figure 15. The program with φ-function ready. 

Below, we show the algorithm that replaces the right-hand side expression of 
program point p by a temporary variable. We assume that the point p has already 
been searched for, and that the temporary variable belongs to the same pcc as t. 

Algorithm 8.1 (Elimination of expression that became redundant) 

replace ( )tp, { 

Follow upward the points that dominate p, 

and search for the definition of variable t′  

that belongs to the same pcc as t; 

Replace the right-hand side expression of the statement at p by t′ ; 

} 

For example, when we want to replace ”“ 13 ba +  in the bottom block of Figure 

15 by a temporary variable, we follow upward the dominance relation from that 
point. We find the definition of variable ,3t  i.e., ( )”,“ 213 ttt φ=  that belongs to the 

same pcc as the subject temporary variable. Therefore, we replace the expression 
with .3t  When we want to replace ”“ 11 ba +  of the upper left block of this figure, 

we similarly find the definition of ,1t  i.e., ”.“ 111 bat +=  Therefore, we replace the 

expression with .1t  
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Figure 16. The result after PRE on the SSA form. 

By the above process, PRE on the SSA form is achieved. The final program 
becomes Figure 16. 

9. Experiments 

As experiments, we adapted the representative PRE algorithm Lazy Code 
Motion (LCM) [11] to SSA form. We used the SSA form of the optimizing compiler 
module of COINS [14] for our experiments, and measured the execution time on a 
Sun Blade 1000 (UltraSPARC III). 

As the benchmark programs for confirming the effect of optimization, we used 
SPEC CINT2000 and SPEC CFP2000 benchmarks. 

9.1. Optimization sequence applied 

To evaluate the effect of our method, we performed two experiments. The first 
experiment examines the effect of SSA-form PRE only. The second experiment 
examines the effect when SSA-form PRE is combined with other typical 
optimizations. 

In the following, we explain the sequence of optimizations used in each 
experiment. Note that except in “No-opt”, the phase “translation of expression into 
three-address instructions” is applied first, and “dead code elimination” is applied 
last in each experiment. This is because the usual optimizations consider these 
processes as a premise. 
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9.1.1. Experiment 1 

In the first experiment, we investigated only the optimization effect of LCM on 
the SSA form as implemented by our method. We applied the optimization sequence 
below and measured the execution time. 

• No-opt: No optimization 

• SSA-LCM: Only perform LCM on SSA form 

• NormalLCM: Only perform LCM on the normal (non-SSA) form 

We compared “No-opt”, “SSA-LCM”, and “NormalLCM” to confirm that the 
effect of LCM was achieved. 

9.1.2. Experiment 2 

In the second experiment, to check the effect of LCM when it is combined with 
other optimizations, we investigated the effect of three optimization sequences based 
on the optimization sequence “O2”, which is said to give a good effect in COINS. 

• O2: translation of expressions into three-address instructions → common 
subexpression elimination → constant propagation → loop-invariant 
expression motion → operator strength reduction → loop-invariant 
expression motion → constant propagation → copy propagation → preqp 
(explained below) → constant propagation → redundant φ-function 
elimination → dead code elimination 

• O2–: a sequence where “preqp” is eliminated from “O2” 

• SSALCM+: replace “preqp” in the optimization sequence “O2” by SSA-
form LCM 

• NormalLCM+: add normal form LCM to the optimization sequence “O2–” 

“preqp” in “O2” is the global value numbering and partial redundancy 
elimination based on question propagation made by Takimoto [14]. Because “preqp” 
has a similar effect as LCM, we did not use it in this comparison experiment. 
Therefore we measured the execution time of the object code for three optimization 
sequences, i.e., “O2–,” which omits “preqp” from “O2”, SSALCM+, which adds to 
“O2–” the LCM for the SSA form at the position of the omitted “preqp”, and 
NormalLCM+ which adds LCM for the normal form to “O2–”. 
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Figure 17. Execution times of the object codes of the first experiment (percentage of 
No-opt execution time). 

9.2. Results and considerations 

The results of our experiments are shown in Figure 17 and Figure 18. 

In Figure 17, we see that the SSA-form LCM alone (SSA-LCM) has an effect of 
about 10% at maximum. This is roughly comparable to NormalLCM. 

In Figure 18, we see that the SSA-form LCM has about the same effect as 
normal-form LCM when combined with other optimizations. Note that there are 
some cases where addition of the SSA-form LCM or the normal-form LCM does not 
have much effect. We consider this is because similar optimizations such as 
“common subexpression elimination” and “loop-invariant expression motion” are 
already included in “O2–”. 

From the above experiments, we can confirm that the SSA-form LCM 
implemented in our method exhibits the correct effect of partial redundancy 
elimination. 

 
Figure 18. Execution times of the object codes of the second experiment (percentage 
of No-opt execution time). 
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10. Discussion 

In this section, we consider the generality and contribution of our method. 

10.1. Generality 

In our research, we adopted Lazy Code Motion (LCM) as the PRE algorithm in 
the experiment. This is because LCM is a representative algorithm of PRE, and 
moreover it performs complex processing and has more effect than earlier naive 
PREs. We think the generality of our method is shown by the results of applying our 
method to this LCM in our experiments. 

Concerning other PRE algorithms, all the studies [6, 7, 8, 13] use the same 
framework as Figure 1 (left), therefore our method can be applied to them similarly 
to LCM. 

Moreover, the algorithm of Gupta et al. [3] is made more complex in some 
cases; for instance, the flow graph is modified by code duplication. Even this 
algorithm finally satisfies the framework of Figure 1 (left), and our method can be 
applied. However, code duplication destroys the CSSA form, so it is possible that 
retransformation to the CSSA form may be necessary after code duplication. 

10.2. Contribution of our work 

Our contribution resides in showing a method of constructing the same PRE 
algorithms as existing PREs in the framework of the SSA form. If we compare this 
with methods in which the SSA form is restored to normal form and existing PRE 
algorithms applied, we can say the following. 

• There is almost no difference between the optimization effect of PRE on the 
SSA-form and normal-form PRE, because basically they both perform the 
same optimizations (see Section 9 for experimental results of the 
optimization effect). 

• There may be a method that, during the sequence of SSA-form 
optimizations, transforms the SSA form into the normal form, performs 
PRE on the normal form, and then retransforms to SSA form and continues 
SSA-form optimizations. However, such a method would require more 
optimization time than the proposed method. 

• Our method simplifies the combination of PRE and optimizations suited to 
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the SSA form, such as constant propagation. For example, research by 
Takimoto [14] is an example of combining global value numbering with 
PRE. Using our method, we can expect development of new PRE 
algorithms utilizing the merits of the SSA form. 

Our method allows us to realize PRE on the SSA form. This means we can 
insert PRE in the SSA optimization sequence without the overhead of back-and-forth 
translation to/from the normal form. Our method will be beneficial for developers 
who want to invent a new PRE algorithm and insert it into the SSA-form 
optimization sequence. 

In previous SSA-form PREs, only sparse dependency relations are normally 
utilized to speed up optimization, and they cannot use bit-vector methods. However, 
when the PRE algorithm is transformed into SSA form by our method, most of the 
PRE process can use the same processing as in the normal form. Most of the 
processing in normal-form PRE solves the dataflow equations using the bit-vector 
method. Therefore the SSA-form PRE can also use the bit-vector method, and we 
can expect a speedup of SSA-form PREs. 

10.3. The position of PRE in the SSA-form optimization sequence 

After performing PRE on the SSA form, copy statements often remain. 
Therefore, it is recommended that copy propagation be performed after PRE, and 
this may often result in dead code. It is therefore recommended that dead code 
elimination be performed. 

In the SSA optimization sequence of COINS, “O2” is described in Section 
9.1.2. In that sequence, “preqp” is a kind of PRE developed separately, and this 
optimization sequence, and the optimization sequence SSALCM+, both satisfy the 
above consideration. 

11. Conclusions 

It has been difficult to achieve partial redundancy elimination (PRE) on the 
static single assignment (SSA) form. We have presented a method for performing 
PRE on the SSA form. This method is based on utilizing the properties of the phi 
congruence class (pcc) of the CSSA form in checking the identity of variable names 
and in renaming variables of inserted expressions and so on in the SSA form. 
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This method is general and can be applied to many PRE algorithms in normal 
form in addition to the Lazy Code Motion that we implemented for this paper. In 
particular, PRE algorithms satisfying the process in Figure 1 (left) can be applied to 
correspond to an SSA form if transformation of only the process of “selecting 
expressions to be inserted and insertion points” can be performed correctly in the 
pcc-based algorithm. By using the proposed method, developers of a new PRE 
algorithm and compiler writers who want to insert PRE in the SSA optimization 
sequence can easily realize PRE on SSA form. 
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