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Abstract. We provide polynomial-time algorithms for counting the number of perfect matchings and the
number of matchings in chain graphs, cochain graphs, and threshold graphs. These algorithms are based on
newly developed subdivision schemes that we call a recursive decomposition. On the other hand, we show the
#P-completeness for counting the number of perfect matchings in chordal graphs, split graphs and chordal
bipartite graphs. This is in an interesting contrast with the fact that counting the number of independent sets in
chordal graphs can be done in linear time.

1 Introduction

The study of graph classes has been motivated by the fact that a lot of NP-hard problems can be solved
in polynomial time when the input is restricted. While this research direction leads to many polynomial-
time algorithms for decision problems and optimization problems, such results for counting problems
seem rare. With this motivation, the authors studied problems to count the independent sets in chordal
graphs [13], and refinement for interval graphs has been proposed by Lin [11] and Lin and Chen [12].
However, the current understanding for counting problems in graph classes is still poor. Counting al-
gorithms may require properties of graphs that are not needed for solving decision and optimization
problems.

This paper is concerned with perfect matchings. A perfect matching of a graph is one of the funda-
mental objects when we study counting problems. When Valiant [18] introduced the complexity class
#P, he already proved that counting the perfect matchings in a bipartite gréplhasmplete. In another
paper [19], he also proved that counting all matchings in a bipartite graggh-omplete. His results
were refined by Dagum and Luby [3] showing that counting the perfect matchingsiagular bipar-
tite graph is#P-complete, and by Vadhan [16] showing that counting all matchings in a bipartite graph
of maximum degred and in a planar bipartite graph of maximum degree #Rscomplete. There are
also some results on the positive side, namely for polynomial-time algorithms. The perfect matchings
in a planar graph can be counted in polynomial time [5, 9, 14] via the so-called Pfaffian orientations.
A generalization of this approach yields a polynomial-time algorithm for graphs of bounded genus [7,
15]. Furthermore, we can count the perfect matchings in a graph of bounded treewidth [1]. Basically, all
positive results are concerned with sparse graphs.

This paper concentrates on classes of chordal graphs and chordal bipartite graphs. An interesting
phenomenon to be proven here is #fifecompleteness for the counting problem of matchings in chordal
graphs, while we can count the number of independent sets in chordal graphs in linear time [13]. We
also prove that the matching counting#iB-complete even for chordal bipartite graphs. Therefore, we
seek for subclasses of these graph classes for which the matchings can be counted in polynomial time.
We give such polynomial-time algorithms for the following classes of graphs: Chain graphs, cochain
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Fig. 1. Inclusion relationship among the graph classes in this paper and the summary of our results.

graphs, and threshold graphs. The definitions will be given later, but there is a relation among these
classes as dipicted in Fig. 1. In the figure, we also have the classes of bipartite permutation graphs, proper
interval graphs, interval graphs and interval bigraphs. For these four classes, complexity of counting the
matchings is unsettled. It would be possible to design a quasi-polynomial-time algorithm by extending
the technique developed in this paper, but polynomial-time algorithms are out of reach. This is a main
open problem this paper leaves for us.

2 Preliminaries

We assume the reader is familiar with basic terminology on graphs. A graph is denatee-hy, E)
whenV is the vertex set and’ is the edge set of;. The neighborhoodof a vertexv € V is the set
Ng(v) = {u € V | {u,v} € E}. Forasubset/ C V, thesubgraph ofG induced byU is the graph
(U, F), whereF = {{u,v} € E | u,v € U}, and denoted byz[U]. For given two graphé; = (V, E)
andG’ = (V', E’), we denote the grapti’ U V', E U E’) by G U G'. A vertex setC is acliqueif all
pairs of vertices irC' are joined by an edge. A vertex sets independenif no pair of vertices in/ is
joined by an edge. An edge skf is amatchingif no pair of edges in\/ shares an endpoint. Note that
the empty set is a matching of size zero in any graph. An endpaiftan edge: in a matchingM is
said to bematchedoy M. A matching isperfectif all vertices are matched by the matching.

A graphG = (V, E) is bipartite if V' can be partitioned into two sef§ andY such that every edge
joins a vertex inX and the other vertex ili". We denote a bipartite graph loy = (X, Y, F) when the
partition is given. A bipartite grap&y is completdf every vertex inX is adjacent to all vertices iH.

For a graph, the number of matchings i¥ is denoted by:(G), the number of matchings of size
iin G is denoted by, (G), and the number of perfect matchinggiris denoted byr(G).

3 Polynomial-time algorithm for chain graphs

In this section, we study chain graphs. A chain graph is also called a difference graph [8], a bisplit graph
[6], and nonseparable bipartite graph [4].

To define a chain graph, we need to define monotonicity on vertex set&: ket(X,Y, E) be a
bipartite graph. An ordet on X in G isincreasingif x < 2’ implies N(z) C N(z'). Similarly, < on
X isdecreasingf < 2/ impliesN (z) 2 N(z’). An order ismonotonef it is increasing or decreasing.
A bipartite graphG = (X,Y, E) is achain graphif there exist monotone ordersy, <y on X,Y
respectively [20, 10]. We assume thak is decreasing anety is increasing. It is not hard to observe
the following.

Proposition 1. LetG = (X, Y, E) be a connected chain graph witk'| = n, and |Y| = n,. Then
there exist a decreasing orderx and an increasing ordexy such thaty,, € N(x;) for everyi ¢
{1,...,ny} andz; € N(y;) for everyj € {1,...,n,}, wherez; <x z2 <x --- <x z, and
Y1 <y ¥2 <y - <y Yn,-
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Fig. 2. The intersection model of a chain graph (left), a derived decomposition (middle) and its schematic representation (right).

For a given chain graph, monotone ordersXrandY can be found in linear time (e.g., using a PQ-
tree), and from them, the orderings as in Proposition 1 can be computed in linear time (e.g., [17]). Hence,
hereafter, we assume that a chain graph is given with two ordered vertex sets stated as in Proposition 1.
Without loss of generality, we assume that a chain gi@ph (X,Y, E) is connected, and the vertex
setsX andY are ordered as stated in Proposition 1. That is, we hai&) = {y;,,...,yn,} With1 <

i <ngandj; <ja <-o- < i, @ndN (y) = {@1, .., 2 fwith 1 < j <ny andiy > i > -+ > iy,
where| X | = n, and|Y'| = n,. The main theorem in this section is as follows.

Theorem 1. Given a connected chain gragh = (X, Y, E), the number of perfect matchings@hcan
be computed il©(n? logn) time, wheren = | X U Y.

We prove Theorem 1 by providing an algorithm. This is based on the following recursive subdivision
structureZ (G). The structure (G) is a rooted tree, where each node possesses an induced subgraph of
G and a nod&’ is a descendant of a nod#’ only if G’ is a subgraph ofy”.

The structureZ (G) is inspired by an intersection model of a chain graph (Fig. 2 (left)): The vertices
x; in X correspond to vertical line segments which are located from left to right according to the
ordering, and the bottom of the segments are on a horizontal line. The veyficed” correspond to
horizontal line segmentg,; from top to bottom and the left endpoints of the segments are on a vertical
line. From Proposition 1, it is easy to see tldais a chain graph if and only i€/ can be represented
by the intersection model of those horizontal line segments and vertical line segments sughithat
longer than or equal té,, , with 1 < i < n, andJ,, , is longer than or equal t8,; with 1 < j < n,,.

LetG = (X,Y, E) be a chain graph with two with two ordered vertex s€t§” as in Proposition 1.

An edgee = {z;,y;} € E, z; € X,y; € Y, isextremalif {z;/,y;} ¢ E foranys > ior{z;,y;} ¢ E

for any j/ < j. Fix an extremal edge = {z;,y;} € E. Then we partitionX andY into X,, X,,

Y,, andY; as follows; X, := {xy | ' < i}, X, = {ay | V' > ¢}, Yy, = {yy | j/ < j}, and

Y, .= {y; | j/ > j}. Using these vertex sets, we define three graghsG,, andG, as follows;

G. = G[X,UY,], G, = GX,UY,], andG, = G[X, UY,]. Note that the edge sets of these three
graphs form a partition of/, and furthermore(s,, andG, are connected chain graphs (unless empty),
andG. is a complete bipartite graph. See Fig. 2 (middle, right).

We are now ready for definin@ (G) for a connected chain gragh. The root of 7 (G) is G. Let
G’ be a node off (G). If G is complete bipartite, the@”’ has no child and hence it is a leaf B{G).
Otherwise G’ has two childrerG), andG!. constructed by an appropriate choice of an extremal edge of
G'. We call7 (G) arecursive decompositioof G.

Let us describe how to choose an appropriate extremal edge when we construct a recursive decom-
position. To do this, we look at the depth of each nod€ {id-). Namely, the depth of a root node is
zero, and if a node has depththen its children have deptht1. According to the parity of the depth,
we make the choice. i is even, then we let, = n,/2 andk, = min{j’ | {z;,y;} € E}. If dis
odd, then we lek, = n,/2 andk, = max{i’ | {zy,y;} € E}. In both cases, we see thaty,, yx, } is
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Algorithm 1: RD(G, d)

Input : A connected chain grapff = (X, Y, E) and a non-negative integér wheren, = |X|,n, = |Y|;
Output: A recursive decompositio (G) of G;

addd as the root;

if G is complete bipartit¢hen return;

if d is eventhen setk, := n, /2 andk, := min{j | {zx,,y;} € E};
if d is oddthen setk, := n, /2 andk, := max{i | {zi,yx, } € £} ;
find G, Gr, G. from k., andk,;

addRD(G., d+1) as the left subtree rooted @

addRD(G, d+1) as the right subtree rooted @t

return;

0 ~NOO O WNPRE

an extremal edge df. Algorithm 1 computes a recursive decompositib((=) of G according to this
choice of an extremal edge wh&D (G, 0) is called.

Lemma l. LetG = (X, Y, E) be a connected chain graph. Then, Algorithm 1 finds a recursive decom-
position7 (G) with at mostO(n) nodes and height at mo2tog, n in O(n) time, wheren = | X |+|Y|.

Proof. The size of7 (G) can easily be seefi(n) since for every vertex of G there exists exactly one
leaf of 7 (G) containingv and7 (G) is a rooted binary tree. For the running time, the discussion above
implies that the intersection model can be foundifr) time. Since the connected components can be
identified inO(n) time and findingk, from k,, can be done i (1) time for eachk,, the overall running
time isO(n). So it remains to show that the height is at mktg, n. After the algorithm digs into two
lower levels,GG will be partitioned into four graph8z,,)., (Gu)r, (Gr)w, and(G,),. Then, we observe
that | X ((G;);)| < 3X(G)| and |[Y((G:);)| < 3|Y(G)| for eachi,j € {u,r}. Hence for a given
connected chain grapi = (X,Y, E) with n = |X UY'| the maximum deptld,,., of the algorithm
satisfie2?dmax < n, and henc@,., < 2log, n. 0

To describe the number of matchings, we denote (#; a, b) the number of perfect matchings in a
chain graphG = (X, Y, E) with a vertices fromX andb vertices fromY” deleted. Namely,

M is a perfect matching aff — (A U B),
: = C
m(Ga,b) HM € B(G)| whereA C X.|A| = a, B C Y, |B| = b
Intuitively, we will count the number of perfect mathingsGhsuch that: vertices inX andb vertices
in Y have been matched in the previous level. Sin@g&; 0, 0) is the number of perfect matchings@f
it suffices to compute (G; a, b) for all possiblez andb.
Let us look at how we can decompas@=; a, b) into several independent parts. This gives a funda-

mental idea for our algorithm.
Lemma 2. LetG = (X, Y, E) be a connected chain graph. For< a < |X|and0 < b < |Y|, it holds
that

m(G;5a,b) = Z T(Gu; ay+ic, by) - T(Grs ar, bp+ic) - 7(Ge; kg —ic, ny—ky—ic) D)

Qo ;b

where the sum is taken over the ran@es a,, < min{a, k,} and0 < b, < min{b, n,—k,}, and other
symbols are defined &g = b—b,, a, = a—ay, andi, = k,—ky—a,+b—b;.

Proof. We first show the inequality “the left-hand side the right-hand side.” Every matchingy/
counted in the left-hand side can be partitioned into three phfts= M, U M, U M., where
M,, M,., M. is a matching of7,, G,, G., respectively. Sincé/ is a perfect matching af—(A U B)
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Algorithm 2: #M(G, a,b)
Input : A connected chain grapff = (X, Y, F) and two integers, b together with a recursive decomposition
T(G);
Output: 7(G; a, b);

1 if ny—a # ny—bthen return 0;

2 else ifG is complete bipartit¢hen return (n,—a)!;

3 else

4 sum = 0; ar := a—ay; by = b—by; ic = ka—ky—ay,+b—b,;

5 foreach a, = 0,1,...,min{a, k;} andb. = 0,1, ..., min{b, ny,—k,} do

6 sum = sum + i.! - (]f:) . ("’/:k”) cH#HM(Gu, autic,by) - #M(Gr, ar, br+ic) ;
7 end

8 return sum.

9 end

for someA C X,B C Y with |4| = q,|B| = b, it holds that|M| = n,—a = ny,—b. Let
|My| = iy, | M| = ir,| M| = i.. Let A. C X, and B. C Y, be the set of vertices matched by
M.. Note that|A.| = i, = |B.|. Then,M, is a perfect matching of*,, — (4, U A. U B,,) for some
A, € X, \ Ac and B, C Y, and M, is a perfect matching ofz, — (A, U B, U B.) for some
A, C X, andB, C Y, \ B.. Itis important to observe that sueh,, B,, A,, B, are unique. For exam-
ple, A, is determined as the set of verticesXp \ A, that are not matched hy/,,. Therefore, if we let
|Ay| = a, and|B,| = b,, then), is counted exactly once in(G; a, + i., b—b,) and similarly M,

is counted exactly once (G, ; a—ay, b,+i.). Then, we see that,—(a,+i.) = i, = k,—(b—b,) and
Ng—ke—(a—ay) = i, = ny—ky—(by+i.), and thereforej, = k,—k,—a,+b—b,. Then, it suffices to
note that)/, is counted exactly once in(G.; ky—ic, ny—ky—ic).

Conversely, We show the inequality “the left-hand sigéhe right-hand side.” Led/,, and M, be
perfect matchings counted in(G; a,+ic, b,) and«(G,; a,, b.+i.) respectively, for some,,, b, in
the appropriate ranges ang, b,,, i. as defined in the statement of the lemma. Specificaliigte a
perfect matching o&,— (A, U A. U B,) for someA, U A, C X,, andB, C Y, andM, is a perfect
matching ofG,—(A, U B, U B,) for someA, C X, andB, U B. C Y,, where|A4,| = a,, |4,| =
ar, |By| = by, |Br| = by, |Ac| = | B.| = i.. Consider constructing a perfect matchingof G—(AU B)
for someA, B with |A| = a,|B| = basM = M, U M, U M, with some matching/. of G.. Then,
suchM, should be a perfect matching 6f.—((X,—A.) U (Y;.—B,)). This completes the proof. O

SinceG., is a complete bipartite graph, it is not difficult to see th@G ; ky—ic, ny—ky—ic) =
it (%) (", ). Hence Lemma 2 readily gives Algorithm 2. To compute the number of perfect matchings

in a given chain graphy, we first call#M(G, 0, 0).

Proof (of Theorem 1)Algorithm 2 can be implemented by dynamic programmingdZdidr). For each
nodeG’ of 7 (G), we store the values returned by cafid(G’, a, b) for all possiblez andb. If the depth

of G’ is d, then the number of such possibilities is at magst2/%/?1 . n, /219/2] < n,n, /2¢. Therefore,

the number of values stored for each nodg¢ty) is O(n?/2%). At the call to#M(G’, a, b) we need

to look up at most,n,/2? values. Note that the values of factorials and binomial coefficients can be
computed beforehand and stored as wetDim?) time and space. Since the number of nodes at depth
d is at most2?, the overall running time is at mo3E %" 290(n2/24) = O(n2logn). The space
requirement is als®(n?logn). O

Note that ifn, —a = ny,—b, thenn(G; a, b) is the number of matchings of sizg —a. Hence, Algo-
rithm 2 computes the number of matchings of each possible size. This implies the following corollary.

Corollary 1. Given a chain graplz = (X, Y, E), the number of matchings and the number of match-
ings of fixed size i’ can be computed i®(n? logn) time, wheren = | X U Y.



Fig. 3. Comparison of three graph classes. (Left) A chain graph. (Center) A cochain graph. (Right) A threshold graph.

4 Polynomial-time algorithm for cochain graphs and threshold graphs

Similarity among chain graphs, cochain graphs and threshold graphs allows us to provide polynomial-
time algorithms to count the number of perfect matchings in cochain graphs and threshold graphs.

A cochain graphs simply defined as the complement of a chain graph. From Proposition 1, we can
immediately see that a cochain graph has the following property.

Proposition 2. Let G = (V, E) be a cochain graph an@ = (X, Y, E) be a chain graph that is the
complement of. with | X| = n, and Y| = n,. ThenX andY are cliques ofGG, and there exist a

decreasing ordex x and an increasing ordexy such thaty,, € N(x;)\ X foreveryi c {1,...,n;}
andz; € N(y;) \ Y foreveryj € {1,...,n,}, wherezx; <x z2 <x -+ <x Zp, andy; <y y2 <y
. <Y yny_ O

Namely, a cochain graph can be constructed from a chain graph by filling up both of the color classes
to cliques. See Fig. 3.

A graphG = (V, E) is athresholdgraph if there exist a weight assignment V' — R such that
{u,v} € E if and only if w(u) + w(v) > 0. The following is a well-known property (or actually a
characterization) of thereshold graphs.

Proposition 3 (Chvéatal and Hammer [2]). For a threshold graptG = (V, E), a partition { X, Y} of
V with the following properties can be found@(|V |+|E|) time. First, X = {xz1,...,x,, } isaclique

of G, Y = {y1,...,yn,} is an independent set ¢f, and there exist a decreasing ordery and an
increasing order<y such thaty,, € N(z;) \ X foreveryi € {1,...,n,} andz; € N(y;) for every
Jje{l,...,ny}, wherex; <x x3 <x -+ <x Zn, andy; <y y2 <y -+ <y Yn,-

Namely, a threshold graph can be constructed from a chain graph by filling up one of the color
classes to a clique. See Fig. 3.

Since a cochain graph and a threshold graph possess a structure similar to a chain graph, we may
define a recursive decomposition for them analogously. An important difference i&thiatnot an
induced subgraph dF, butG. will be a subgraph ofr with vertex setX,, U Y,. and edge set consisting
of those edges betweeYy, andY,.. Namely,G. is complete bipartite. Then, the equation similar to (1)
holds. The whole arguments are verbatim. Hence we obtain the following theorem.

Theorem 2. The number of perfect matchings in a cochain graph and a threshold graph can be com-

puted inO(n?logn) time. O

5 Hardness results

In this section, we prove th#P-completeness of counting the perfect matchings in split graphs and
chordal bipartite graphs. Th&P-completeness for split graphs immediately implies that for chordal
graphs.



5.1 Hardness for split graphs

A graph is asplit graphif the vertex set can be partitioned into two parts such that one part is a clique
and the other is an independent set. In other words, a split graph is constructed from a bipartite graph
by filling up one color class to a clique. A graphdsordalif every induced cycle has length three. It is
easy to see that every split graph is chordal.

Theorem 3. Counting the number of perfect matchings in a split grapttHscomplete.

G G’

Fig. 4. Reduction for Theorem 3.

Proof. We use a reduction from the problem to count the number of perfect matchings in a bipartite
graph, which is known to b#P-complete [18].

Let G = (U,V, E) be a bipartite graph withl| = |V| = n. We construct another grapghl =
(V', E') out of G by makingV’ a clique; thatisy”’ := U UV andE’ := E U (}). Fig. 4 illustrates the
construction. We can see th@t is a split graph.

Now, we claim that an edge subset C E’ of G’ is a perfect matching of” if and only if M is
a perfect matching ofs. (This will imply that the numbers of perfect matchings@Ghand G’ are the
same. So, the reduction is persimonous.) Sidds a subgraph of?’ with the same vertex set, whéd
is a perfect matching off it is also a perfect matching @&’. Conversely, assume thaf is a perfect
matching ofG’. Since every vertex it/ is matched throughl/ with some vertex i/ and|U| = |V,
M only uses edges froi¥. Therefore M is a perfect matching af. a

From Theorem 3, we can immediately see that counting the number of maximum matchings in a
split graph is#P-complete.
By utilizing an interpolation technique, we are able to show the following.

Theorem 4. Counting the number of matchings in a split grapk#is-complete.

Proof. For our reduction, we again use the problem to count the number of perfect matchings in a
bipartite graph, which is known to B#-complete [18].

LetG = (U,V, E) be a bipartite graph witiU/| = |V| = n. We construct a grapy; = (V;, E;) for
everyi € {1,...,n+1} out of G as follows. LetV := {vy,...,v,}. For each vertex, € V, we use
a seﬂ/;(z) of i vertices forG; wherev;.(l), s I/;(") are all disjoint. We se¥; := U UV U J,_, V;.(Z),
andE; := BEU () uUL, Fi(g), whereF! := {{v,,v} | v € VZ.(Z)} for every? € {1,...,n}. Fig. 5
illustrates the construction.

For a graphf with n vertices, remember that we denote/by /) the number of matchings iff
of sizej, by (H) the number of matchings iff. Furthermore, lef; := | J;_, Fi(g).

Let us consider(G;). Each matchind/ of G; potentially uses some edges frdirand some edges
from F;. Let M usej edges fromE andk edges fromF;. Consider constructing/ by first choosing
j edges fromE, thenk edges fromF;, and finally the rest of edges fro(r‘g). SinceM is a matching,

7
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Fig. 5. Construction in the proof of Theorem 4.

Go G3

we havey;(G) ways to choosg edges fromE for M. Thenj vertices inV are already matched, so
there aren—j vertices left unmatched iW. Therefore, the number of ways to chodsedges fromF;
for M is (”;j)z”“. Then there are—j—k vertices left unmatched ir. Among them we choose some
edges forM . Therefore, the number of choicesi6K,,_;_1.), wherek,,_;_, is a complete graph with
n—j—k vertices. This way, we obtain the following formula: for evérg {1,...,n+1} it holds that

w(Gi) =300 1 (G) ( v ((";j)z"“) /,L(Kn_j_k)>. In a matrix form, this can be written as

1(G) 1o(G)
1(G2) A 11(G)

(i) in(G)

where A is a matrix with row index se{1,...,n+1} and column index sef0,...,n} defined as
Aij =00 ((”gf)zk) p(Kn—j—y) for every row indexi € {1,...,n+1} and every column index
j€A{0,...,n}.

Claim. The matrixA defined above is non-singular (hamely, the inversd ekists).

We would like to notice that the claim finishes the proof of the theorem. If we are able to know
w(G;) for everyi € {1,...,n+1}, then by computing the inverse of, we are also able to know
w;i(G) forall j € {0,...,n}. (Note that each entry ol can be computed efficiently singg K,,,) =
Ztm/ZJ i(Kp) = ZLmﬂJ (m ) B! holds.) In particular we obtaip,,(G), the number of perfect
matchmgs inG. This completes tlz1e reduction.

Therefore, it suffices to prove the claim. To do that, first observe that for each row index
{1,...,n+1} and each column index € {0,...,n} thei,j-entry A; ; can be written as4; ; =

S g)zk ((” ])M(Kn_j_k)). Let B be a matrix with row index sefl,...,n+1} and column index

set{0,...,n} defined asB, ;. := i* for eachi € {1,...,n+1} andk € {0,...,n}, andC be a matrix
with row index sef0, ..., n} and column index s€i0, .. ., n} defined as

n—j . .

K i_ f0<k<n—j,

Chj = ( k >H( jok) FO<k<n—j
0 otherwise,

for eachk € {0,...,n} andj € {0,...,n}. Then, we can see that for every {1,...,n+1} and
j€40,...,n}itholdsthatd; ; = >}_, B; xCj ;. In other wordsA = BC as a matrix. The matri®

is a famous Vandermonde matrix, which is known to be non-singular. How about the non-singularity of
c? Since(”;j)u(Kn_j_k) % 0 when0 < k < n—j, the upper-left half of” is occupied with non-zero
entries, and the lower-right half 6t is occupied with zero entries. So, the matfxs also non-singular.

(See Fig. 6 for the situation.) Thud,is non-singular. (In particuladd~! = (BC)~' = C~'B~1) 0O
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non-zero

= | Vandermonde

A B C

Fig. 6. The matrices in the proof of Theorem 4.

A modification of the proof of Theorem 4 shows the following. The proof is postponed to Appendix.

Theorem 5. Counting the number of maximal matchings in a split graptiRscomplete. a

5.2 Hardness for chordal biparitite graphs

Next, we switch to chordal bipartite graphs. A bipartite grapthigrdal bipartiteif every induced cycle
is of length four.
The#P-completeness for chordal bipartite graphs will be proven via the interpolation technique.

Theorem 6. The problem to count the number of perfect matchings in a chordal bipartite grai is
complete.

Proof. We use a reduction from the problem to count the number of perfect matchings in a bipartite
graph, which is known to b#P-complete [18].

Given a bipartite graplir = (X, Y, E) with | X| = |Y| = n, we construct the following chordal
bipartite graphch;(G) for eachi € {1,...,n+1}. The vertex set otb;(G) is defined as/(G) =
XUYU{pjue|1<j<i,ve XUY,e€ E}U{gjve|1<j<i,veXUY,ee E}. The edge set
of cb;(G) is defined afl (G) = {{z,y} |z € X,y e Y}U{{z,pjre} |z € X,e€c B,z ce, 1 <j<
it U {{y, Qj,y,e} lyeY,ee Biyce,1<j<i}U {{pj,x,ean,y,e} |z e X,yeY,e={zy} € E}.
Namely, to construatb; (G) from G, we replace each edge 6fby i paths of length three, and join the
vertices of X andY by edges to make them complete bipartite. It is not difficult to seedhéfr) is
chordal bipartite. Fig. 7 shows an example.

Pi,z.e

G Cbl (G) Cbg (G)

Fig. 7. Hardness for chordal bipartite graphs.

Consider a perfect matchiny/ of cb;(G). We mapM to a matchingM’ of G if and only if the
following conditions are satisfied.

— Whene = {z,y} ¢ M’, itholds that{p; ;. ¢, ¢jy.c} € M forall j € {1,...,}.
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— Whene = {z,y} € M’, it holds that{z, p; +.c},{vy, ¢jy.c} € M for exactly onej € {1,...,i}.
(Then, it must hold thafp; z.¢, ¢y} € M for all otherj € {1,...,i}.)

There are several perfect matchingsthat corresponds td/’. We can count the number of such match-
ings M from M’. In the second condition, we havehoices for each edge af’. Let|M’| = k. Then,
this gives rise da* choices. Moreover, there are-k vertices in bothX andY that do not appear in
these conditions, and they are supposed to be matched. Since these vertices induce a complete bipartite
subgraph of7, the number of ways to match them is exactiy-k)!.

In this way, we obtaint(ch;(G)) = Yi_, ur(G)i*(n—Fk)! for eachi € {1,...,n+1}, where
7(cb;(G)) means the number of perfect matchingslf(G). In the matrix form, this can be written as

(chi(G)) 1o(G)
m(cba(G)) 1 p(G)

. i

7(cbny1(G)) n(G)

where A is a matrix with row index se{1,...,n+1} and column index sef0,...,n} defined as
Ay = i¥(n—k)! for every row indexi € {1,...,n+1} and every column index € {0,...,n}.

We can see that the determinantAfis the determinant of a non-singular Vandermonde matrix times
[ 15—, (n—k)!, thus non-zero. Therefore, from the equality above, we can rego\€¥), the number of
perfect matchings of the given bipartite graghin polynomial time. a

Again, more elaboration proves t#&-completeness of counting the matchings and the maximal
matchings in chordal bipartite graphs. See Appendix.
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A Postponed hardness proofs

Proof (of Theorem 5)We use the same reduction as in the proof of Theorem 4. Denoji€ iy the
number of maximal matchings in a graph Then, forG and theG;’s in the proof of Theorem 4 it holds
that

n n—j .
- n—j\.
G =Y (@) | > << i )lk) T(Kn—j—k)
Jj=0 k=0,
n—j—k even
for everyi € {1,...,n+1}. We can show that the corresponding coefficient matrix is non-singular in
the same way. 0

Next we will prove the#P-completeness of counting the matchings and the maximal matchings of
chordal bipartite graphs. This will be done via the interpolation technique again.

Theorem 7. Counting the number of matchings in chordal bipartite graph#Hscomplete.

Proof. We reduce the problem to count the number of perfect matchings in chordal bipartite graphs. The
proof uses a reduction similar to the proof of Theorem 4.

Let G = (U,V,E) be a given chordal bipartite graph witl/|] = |V| = n. For each
i € {1,...,n+1}, we construct a chordal bipartite gragh = (U;,V;, E;) as follows. LetV =
{v1,...,v,}. For each vertex, € V, we use a sevz.(ﬁ) of 7 vertices forG; WhereV;(l), e Vi(") are
all disjoint. LetU; = U U |J,_, V;.(E), Vi = V,andE; := EUJ,_, Fi(f), where Ff := {{v;,v} |
v E Vi(e)} for every? € {1,...,n}. Then, we can see thét; is a chordal bipartite graph for every
ie{l,...,n+1}.

It holds thatu(G;) = 37 11;(G) Soh=3 ("7)i*. for everyi € {1,...,n+1}. In a matrix form,
this can be written as

n(G1) 1o(G)
1(Ga) N 1 (G)

#(Gos1) in(G)

where A is a matrix with row index se{1,...,n+1} and column index se{0,...,n} defined as
Ay = Y320 (" 7)i* for every row indexi € {1,...,n+1} and every column index € {0,...,n}.
Then, by the same argument as in the proof of Theorem 4, we can concludeithadn-singular, and
thusy.,(G) = 7(G) can be recovered in polynomial time. 0

Theorem 8. Counting the number of maximal matchings in chordal bipartite grap®isomplete.

Proof. We use the same reduction as the proof of Theorem 7. For the constructed-gifapim a given
chordal bipartite graply, let i(G;) be the number of maximal matchings@h. Then, it holds that

G =) (G,
j=0

We can see that the corresponding coefficient matrix is Vandermonde, thus non-singular. O
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