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Abstract. We study the cost allocation problem when the players are
involved in a conflict situation. More formally, we consider a minimum
coloring game, introduced by Deng, Ibaraki & Nagamochi, and provide
algorithms for the core, the T-value, the nucleolus and the Shapley value
on some classes of graphs. The investigation gives several insights to the
relationship of algorithm theory with cooperative games.

1 Introduction

In cooperative works (projects, or whatever people do in cooperation) we can
find two algorithmic problems. First, when people work together, they wish to
minimize the cost. This is a focus of optimization theory. Secondly they wish to
allocate the minimized total cost in a fair manner. This is a focus of cooperative
game theory.

This paper studies fair cost allocations of conflict situations from the view-
point of cooperative game theory. As a simple model of a conflict, we will use
a conflict graph. In a conflict graph, each vertex represents each agent involved
in the situation. Two vertices are adjacent through an edge if the corresponding
agents are in conflict under the situation. We model the total cost of the conflict
simply as it is proportional to the chromatic number of the conflict graph. So
we want to divide the chromatic number of the graph and allocate it to each
agent. This kind of cooperative games was first introduced by Deng, Ibaraki
& Nagamochi [2] by the name of a minimum coloring game. Their paper [2]
and a subsequent paper by Deng, Ibaraki, Nagamochi & Zang [3] included some
investigations of the core (a sort of fair allocations) of a minimum coloring game.

In this paper, we will study minimum coloring games more thoroughly.
Among many kinds of concepts on fair allocations in cooperative game the-
ory, we consider the core (introduced by Gillies [9]), the 7-value (by Tijs [25]),
the nucleolus (by Schmeidler [21]) and the Shapley value (by Shapley [23]). For
general graphs, it turns out hard to compute any of these fair cost allocations
(Proposition 1). Therefore, we will concentrate on a specific class of graphs,
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namely perfect graphs. This makes sense since perfect graphs give rise to to-
tally balanced minimum coloring games [3]. For perfect graphs, we will show the
following theorems.

— The core of the minimum coloring game on a perfect graph is characterized
as the convex hull of the characteristic vectors of the maximum cliques of
the graph (Theorem 2). This is a generalization of a result by Deng, Ibaraki
& Nagamochi [2] for a bipartite graph, and furthermore it implies that we
can compute a core allocation in polynomial time and that we can decide
whether a given vector belongs to the core or not in polynomial time for
perfect graphs (Corollary 3).

— The 7-value for a perfect graph can be computed in polynomial time. This is
a consequence of Theorem 4 and a polynomial-time algorithm for computing
the chromatic number of a perfect graph [11]. So far, we only knew that this
could be done for complete multipartite graphs (since complete multipartite
graphs give rise to submodular minimum coloring games [20] and the 7-
value of a submodular cost game can be computed in polynomial time by
the application of a polynomial-time algorithm for the submodular function
minimization [11]).

— The nucleolus is the barycenter of the characteristic vectors of the maximum
cliques for some classes of perfect graphs (Theorem 6). This class includes the
complete multipartite graphs and the chordal graphs, which appear in some
application contexts like scheduling [10] (Proposition 7). As a consequence,
for chordal graphs, we obtain a polynomial-time algorithm for computing
the nucleoli. We can see that this is much simplified for forests. In addition,
for a complete multipartite graph, we can see that the Shapley value and
the nucleolus coincide (Corollary 8).

— The Shapley value can be computed efficiently for the minimum coloring
game on a forest (Sect. 3.5). However, the same technique cannot be applied
to bipartite graphs in general (Proposition 10).

Perhaps, it was Megiddo [17] who first noticed the computational issue on
cooperative game theory. Since then, there have been many studies on the com-
putational complexity and algorithms for the core and the nucleolus and a little
about the Shapley value (here we omit the vast references). Especially, coopera-
tive games arising from combinatorial optimization problems fit very much into
the framework of algorithm theory. These kinds of cooperative games are called
“combinatorial optimization games” and some of these cooperative games and
their properties are discussed in Curiel’s book [1]. However, none of them dealt
with minimum coloring games in spite of the importance as a simple model of
conflicts, except for a small amount of papers [2,3,20]. Since these works [2,
3,20] only studied the core, this paper provides the first treatment of solution
concepts of minimum coloring games other than cores, and will shed more light
on relationship of algorithm theory with cooperative games.

The paper is organized as follows. In the next section, we will introduce some
graph-theoretic and game-theoretic concepts which we need in the rest of the
paper. Sect. 3 is the main part of the paper. Sect. 4 concludes the paper with
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some open problems. Note that, because of the page limitation, all of the proofs
will be omitted in this version. (See the full-paper version for the proofs.)

2 Preliminaries

Throughout the paper, for a vector € RY and S C N, we write x(S) =
S{z; i€ S}. When S = 0, set x(S) := 0. For a subset S C N of a finite set
N, the characteristic vector of S is a vector 1g € {0,1}" defined as (1g); = 1 if
i €S and (1g); = 0 if not.

A graph G is a pair G = (V,E) of a finite set V and a set F C (‘2/) of
2-element subsets of V. (So, our graph is always simple and finite, and V' can be
empty.) We assume the familiarity of basic terminology from graph theory. Here
we just introduce a perfect graph. A graph is perfect if for each of the induced
subgraphs the chromatic number is equal to the size of a maximum clique. It is
known that bipartite graphs, complete multipartite graphs and chordal graphs
are perfect. (A graph is chordal if each of the induced cycles has length three.)

A cooperative game (or simply a game) is a pair (IV, ) of a nonempty finite
set N and a function v : 2V — IR satisfying v(()) = 0. Often, an element of N
is called a player of the game, and ~ is called the characteristic function of the
game. Furthermore, each subset S C N is called a coalition. Literally, for S C N
the value v(S) is interpreted as the total profit (or the total cost) for the players
in S when they work in cooperation. In particular, v(NN) represents the total
profit (or cost) for the whole players when they all agree with working together.
When ~ represents a profit, we call the game a profit game. On the other hand,
when ~ represents a cost, we call the game a cost game.! In this paper, we will
mainly consider a certain class of cost games.

One of the aims of cooperative game theory is to provide a concept of “fair-
ness,” namely, how to allocate the total cost (or profit) v(N) to each player in a
“fair” manner when we take all the v(S)’s into account. In the rest of this section,
we will describe some allocation rules which are considered fair in cooperative
game theory. Formally, a cost allocation is defined as a preimputation in the
terminology of cooperative game theory. A preimputation of a cost game (N, ~)
is a vector € RY satisfying () = (N). Each component z; expresses how
much the player ¢ € N should owe according to the cost allocation x.

Now we will define some fair allocations, namely a core allocation, the 7-value,
the nucleolus and the Shapley value. See Driessen’s book [4] for details (why they
are seen fair) and other kinds of fair allocation concepts from cooperative game
theory. Let (IV,7) be a cost game. A vector € RY is called a core allocation if
x satisfies the following conditions: (N) = v(N) and x(S) < v(S) for all S C
N. The set of all core allocations of a cost game (N,~) is called the core of
(N, 7). The core was introduced by Gillies [9]. Note that a core might be empty.
Therefore, a cost game with a nonempty core is especially interesting, and such a
cost game is called balanced. Moreover, we call a cost game totally balanced if each

130 the terms “profit game” and “cost game” are not mathematically determined.
They are just determined by the interpretation of a game.
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of the subgames has a nonempty core. (Here, a subgame of a cost game (N,~)
is a cost game (T,7(T)) for some nonempty T C N defined as v(7)(S) = ~(9)
for each S C T.) Naturally, a totally balanced game is also balanced. A special
subclass of the totally balanced games consists of submodular games (Shapley
[22]), where a cost game (NN, 7) is called submodular (or concave) if it satisfies
the following condition: v(S) + v(T) > v(SUT) +~(SNT) for all S,T C N.
Therefore, we have a chain of implications: submodularity = total balancedness
= balancedness. These implications are fundamental in cooperative game theory.

Here we introduce the 7-value due to Tijs [25]. Let (N,+) be a cost game.
Define two vectors m,m € R by m; := y(N) — (N \ {i}) and m; =
min{y(S) — m(S\ {i}) : i € S C N} for each i € N. It is known [25] that,
if a cost game (N,~) is balanced, it holds that m, < m; for each i € N and
m(N) < v(N) < m(N). Then, the T-value of a balanced cost game (N,7) is
defined as a vector & € IRY uniquely represented by @ := Am + (1 —X)m where
we choose A € [0,1] so that (N) = (N) is satisfied. From the definition we
can see that the 7-value can be computed in polynomial time for submodular
games by an algorithm for the submodular function minimization [11].

Next, we will define the nucleolus, which was introduced by Schmeidler [21].
It is known that the nucleolus always belongs to the core if it is not empty. For
our purpose, it is better to use an algorithmic definition of the nucleolus due to
Peleg (referred by Kopelowitz [12]) than the original one by Schmeidler [21]. In
this scheme, we successively solve a series of linear programming problems (Pq),
(P2), and so on. For a cost game (N, ~), the i-th problem (P;) is described as
follows: find (x,¢) € RY x R to

(Pi): maximize e
subject to x(N) = y(N)
z(S)=~(5)—¢g forall Se(
foralll e {1,...,i—1}
i—1
z(S) <y(S)—e forall SeC\ | JC,

=1

where Cy = 2V \ {N, 0}, ¢, is the optimal value of (P;), and C; = {S € Cp \
U{:_ll Ci : x(S) = ~(S) — ¢; for all optimal solutions (z,¢;) of (P;)} for every
j =1,...,i— 1. It is known that finally, say, at the ¢-th step, the problem
has a unique optimal solution (x*, ¢;). (This was essentially shown by Maschler,
Peleg & Shapley [15].) Then the vector «* is called the nucleolus of the game.
Notice that the procedure above is not a polynomial-time algorithm. Indeed it
is NP-hard to compute a nucleolus for a totally balanced game [6]. However, the
nucleolus can be computed in polynomial time for a submodular game [7,13].

The Shapley value is another cost allocation we will study. The Shapley value
of a game (N,~) is a vector € IRY which is defined as

n= Y PHESEER0s 0 -

SCN\{i}
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The Shapley value was first introduced by Shapley [23]. By the definition, the
Shapley value always uniquely exists even if the game is not balanced. However,
the Shapley value may not be a core allocation. On an algorithmic side, there
exists an exponential lower bound for the computation of the Shapley value [5].

3 Minimum coloring games

As we saw in Sect. 1, the minimum coloring problem is a simple model of conflicts.
The corresponding cost game is called a minimum coloring game. In Sect. 3.1
we will define a minimum coloring game, and subsequently we will investigate
the core, the 7-value, the nucleolus and the Shapley value.

3.1 Definition and a hardness result

Let G = (V, E) be a graph. The minimum coloring game on G is a cost game
(V,xc) where xg : 2V — IR is defined as xg(S) := x(G[S]) for all S C V.
Remember that G[S] represents the subgraph of G induced by S, and x(G) is
the chromatic number of G.

Deng, Nagamochi & Ibaraki [2] proved that it is NP-complete to decide
whether the minimum coloring game on a given graph is balanced. Later, Deng,
Ibaraki, Nagamochi & Zang [3] showed that the minimum coloring game on a
graph G is totally balanced if and only if G is perfect. So the decision problem
on the total balancedness of a minimum coloring game is as hard as recognizing
perfect graphs. Furthermore, Okamoto [20] showed that the minimum coloring
game on a graph G is submodular if and only if G is complete multipartite. So
we can decide whether a given graph yields a submodular minimum coloring
game in polynomial time.

In this paper, we are interested in the computation of a core allocation, the
7-value, the nucleolus and the Shapley value of a minimum coloring game. The
following observation is important although it is not difficult to show.

Proposition 1. It is NP-hard to compute a preimputation of the minimum col-
oring game on a graph given from a class for which the computation of the
chromatic number is NP-hard.

Proposition 1 suggests that, in order to obtain a polynomial-time algorithm
to compute a certain preimputation of a minimum coloring game, it would be
better to concentrate on a class of graphs for which the chromatic number can
be computed in polynomial time. Perfect graphs form such a class. From now on,
we will concentrate on perfect graphs, and in Sect. 3.2-3.5, we will investigate
the core, the T-value, the nucleolus and the Shapley value respectively.

3.2 The core of a minimum coloring game

As described above, the minimum coloring game on a perfect graph is totally
balanced [3], which implies that the core is nonempty. Now we characterize the
core for a perfect graph in terms of its extreme points.
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Theorem 2. The core of the minimum coloring game on a perfect graph is the
convez hull of the characteristic vectors of the mazximum cliques of the graph.

Notice that Theorem 2 generalizes a theorem by Deng, Ibaraki & Nagamochi [2]
on bipartite graphs to all perfect graphs.

Making use of a result by Grotschel, Lovasz & Schrijver [11] with Theorem
2, we will conclude the following algorithmic consequences.

Corollary 3. The following problems can be solved in polynomial time. (1) The
problem to compute a core allocation of the minimum coloring game on a perfect
graph. (2) The problem to decide whether a given vector belongs to the core of
the minimum coloring game on a perfect graph.

3.3 The 7-value of a minimum coloring game

As we observed before, the 7-value can be computed in polynomial time for a
submodular game by an algorithm for the submodular function minimization.
However, for minimum coloring games, this only works for complete multipartite
graphs. In this subsection, we will describe how to compute the 7-values in
polynomial time for perfect graphs. Remark that the 7-value for a perfect graph
is well-defined since the minimum coloring game on a perfect graph is totally
balanced [3]. The next theorem is crucial.

Theorem 4. Let G = (V, E) be a perfect graph. Consider the minimum coloring
game (V,xa) on G. If we denote all the mazimum cliques of G by K, ..., Ky
and K = K; N---N Ky, then we have that, for eachv € V, m, =1 ifv e K
and m,, = 0 otherwise; M, =1 if v € K or K C Ng(v) and T, = 0 otherwise.

Based on Theorem 4, we are able to establish an algorithm to compute the
T-value of the minimum coloring game on every perfect graph. First we will
compute m. To do that, we will just compute xg(V) and x¢(V \ {v}) and
conclude that m, = xg(V) — xa(V \ {v}) for all v € V. Since the chromatic
number of a perfect graph can be computed in polynomial time [11], m can
also be computed in polynomial time. From m, we can see what K is, by using
Theorem 4, in linear time. Namely, K = {v € V : m, = 1}. After we know K,
we can immediately compute ™ again with help of Theorem 4. Finally, we can
also compute the appropriate A in a straightforward manner because we have
already known xa (V). Thus we have obtained the 7-value and this algorithm
runs in polynomial time.

Note that Theorem 4 enables us to compute the 7-value for a complete mul-
tipartite graph without using an algorithm for the submodular function mini-
mization. (Actually, we can easily find the explicit formula of the 7-value for
such a graph from Theorem 4.)

3.4 The nucleolus of a minimum coloring game

Now we will investigate the nucleolus. Unfortunately, we are not aware of an
efficient algorithm for general perfect graphs. So we restrict to a subclass of the
perfect graphs. To do that, we will introduce some terms.
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Let G = (V, E) be a perfect graph, Zg be the family of nonempty independent
sets of G, and K1, Ko, ..., K be the maximum cliques of G. For every nonempty
independent set I € Zg, define g(I) := |{i € {1,...,k} : [I N K;| = 1}|. Then
consider the set I" := {g(I) : I € Zg}. (Note that I" is not a multiset.) Let us
enumerate the elements of I' in decreasing order as: g1 > g2 > -+ > g|r|. The
following lemma due to Lovész [14] tells us g = k.

Lemma 5 ([14]). For a perfect graph G, there exists an independent set of G
which has a nonempty intersection with each of the mazimum cliques of G.

On the other hand, we have less control for go in general. This motivates the
definition of O-goodness. A perfect graph G is called O-good if |I'| = 1 or G sat-

isfies the following condition: for each j € {1,...,k} there exists an independent
set 1) € T such that [TV NK;| =0 and |{i € {1,...,k}\ {j} : IV NK;| =
1} = ga.

Our theorem on the nucleolus is as follows.

Theorem 6. The nucleolus of the minimum coloring game on an O-good perfect
graph is the barycenter of the characteristic vectors of the maximum cliques of
the graph.

Now we will observe what kind of perfect graphs are O-good.

Proposition 7. 1. A perfect graph with only one mazimum clique is O-good.
2. A forest is O-good. 3. A complete multipartite graph is O-good. 4. A chordal
graph is O-good.

Note that there exists a bipartite graph which is not O-good and for which the
nucleolus is not given as in Theorem 6.

Now we will describe how to compute the nucleolus for classes of O-good
perfect graphs in Proposition 7. First, let us consider a forest, which is O-good
by Proposition 7.2. In a forest G = (V, E), the maximum cliques are the edges of
G. Let dg(v) be the degree of v € V in G. Then, Theorem 6 concludes that the
v-th component of the nucleolus for the forest G is dg(v)/|E|. So the nucleolus
for a forest can be easily computed.

Next, consider a complete multipartite graph, which is O-good by Proposition
7.3. Let G = (V, E) be a complete r-partite graph in which V' is partitioned
into Vi,...,V, and E = {{u,v} :u e V;, v eV, i,j€{l,....,r}, ¢ # j}.
Then a maximum clique K is a vertex subset which satisfies that |[V; N K| =1
for all i € {1,...,r}. So, with help of Theorem 6, the v-th component of the
nucleolus for the complete r-partite graph G can be computed as 1/|V;| if v € V;.
Actually in a past work, the author investigated the Shapley value for a complete
multipartite graph [20], and this is exactly the same as the expression above.
Thus we immediately obtain the following corollary.

Corollary 8. For the minimum coloring game on a complete multipartite graph,
the Shapley value and the nucleolus coincide.
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Notice that Corollary 8 does not hold for a general submodular game.

For a chordal graph, which is O-good by Proposition 7.4, we are not aware of
a closed formula for the nucleolus. However, we can still compute the nucleolus
in polynomial time. The strategy is to enumerate all the maximum cliques. A
polynomial-time algorithm to enumerate all the maximal cliques of a chordal
graph is known (and described in Golumbic’s book [10]), which is based on a
proposition by Fulkerson & Gross [8]. (Note that the number of the maximal
cliques of a chordal graph is bounded by the number of the vertices from above
[8].) Therefore, from this enumeration, we are able to obtain the list of all max-
imum cliques of the chordal graph. In this way, we can compute the nucleolus
from this list with Theorem 6.

3.5 The Shapley value of a minimum coloring game

In the former work [20], the author provided the formula of the Shapley value
for a complete multipartite graph (see also Corollary 8). Here we will give a
polynomial-time algorithm to compute the Shapley value of a minimum coloring
game on a forest. Note that a forest is bipartite. On the Shapley value for a
bipartite graph, we have the following lemma.

Lemma 9. For a bipartite graph G = (V, E), the v-th component of the Shapley
value ¢ of the minimum coloring game on G can be written as

n—1
%ZEJFZGS(G)k!(n—k—l)!

n!

where n = |V| and a¥(G) is the number of independent sets I of G such that
v, |I| =k and I U{v} is not independent.

Therefore, if we have a polynomial-time algorithm to compute a®(G) for every
ke {l,...,n— 1}, we are able to obtain the Shapley value in polynomial time.
However we are not aware of such a procedure for a general bipartite graph.
Actually, we have a hardness result again. (This is just a simple application of
the fact that counting the number of independent sets in a bipartite graph is
#P-complete [19].)

Proposition 10. For bipartite graphs G with n vertices and k € {1,...,n— 1},
it is #P-complete to compute the value a®(G).

Therefore, we will consider a special case in which G is a forest. As a result, we
give a polynomial-time algorithm to compute a*(G) for every k € {1,...,n—1}
when G is a forest with n vertices.

Because of the lack of pages, we are not able to give a description of the
algorithm here. The idea is as follows. First, we observe that, when G is a forest,
we can reduce the computation of the a¥(G) to the computation of the number of
independent sets of given sizes in G. Then we establish an algorithm to compute
these numbers with the dynamic programming technique. Thus, we can obtain
a polynomial-time algorithm to compute the Shapley value for a forest.
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4 Conclusion

We have investigated some fair cost allocations (the core, the 7-value, the nucle-
olus, the Shapley value) under conflict situations by modeling them as minimum
coloring games. Our investigation on the core and the nucleolus suggests that
results from polyhedral combinatorics are really useful in the study of coopera-
tive games arising from combinatorial optimization games. This was indeed true
in the work by Deng, Ibaraki & Nagamochi [2]. Furthermore, our approach to
the nucleolus gives a viewpoint different from the literature. In the literature,
polynomial-time algorithms for nucleoli of special classes of games were based
on properties of the classes such as the number of essential coalitions is small
(e.g. [24]) or the nucleolus is a unique vector in the intersection of the core and
the kernel (e.g. [6]). Furthermore, usually the core is treated as a system of lin-
ear inequalities. On the contrary, in our approach we first look at the core as
the convex hull of its extreme points (Theorem 2) and represent the nucleolus
as a convex combination of them (Theorem 6). This should also be useful for
other cooperative games. In addition, our investigation on the Shapley value
suggests the use of a recurrence and the dynamic programming technique. In-
deed, it is known that for the power indices of a weighted majority game the
dynamic programming is quite useful [16]. Since there seemed to exist no appli-
cation of the dynamic programming to cooperative games other than weighted
majority games so far, it should be interesting to investigate more possibility of
the dynamic programming technique for the Shapley value.

Finally, we will mention some open questions which this paper raises. First
of all, we do not know how to compute the nucleolus and the Shapley value for a
general perfect graph or even for a bipartite graph in polynomial time. It could be
NP-hard or #P-hard. Another question is the computation of fair cost allocations
for the graphs which are not perfect but for which the chromatic number can
be computed in polynomial time, like outer-planar graphs. This would be really
interesting since the core for an outer-planar graph can be empty.
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