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Abstract. This paper deals with a semidefinite program (SDP) having free variables,
which often appears in practice. To apply the primal-dual interior-point method, we usually
need to convert our SDP into the standard form having no free variables. One simple way
of conversion is to represent each free variable as a difference of two nonnegative variables.
But this conversion not only expands the size of the SDP to be solved but also yields some
numerical difficulties which are caused by the non-existence of a primal-dual pair of interior-
feasible solutions in the resulting standard form SDP and its dual. This paper proposes a
new conversion method that eliminates all free variables. The resulting standard form SDP
is smaller in its size, and it can be more stably solved in general because the SDP and its
dual have interior-feasible solutions whenever the original primal-dual pair of SDPs have
interior-feasible solutions. Effectiveness of the new conversion method applied to SDPs
having free variables is reported in comparison to some other existing methods.
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1 Introduction

Throughout the paper, we use the notation R for the set of real numbers, R? for the p-
dimensional Euclidean space, S™ for the linear space of n X n real symmetric matrices
and S! for the cone of positive semidefinite matrices in S", respectively. For a pair of
matrices X,Y € S", the inner product is defined as X ¢ Y = Y " | Z?Zl X;;Yij. Let
A, €S" (i =1,2,---,m). We define the linear operator A : S* — R™ by AX = (A e
X,Aye X, .-, A, eX)T for every X € S”, and the adjoint linear operator A* : R™ — S"
by A*y =>"", Ay, for every y € R™.

When we study the theory of SDPs and their computational methods, we usually deal
with a standard form semidefinite program (SDP)

(PO) minimize CeoX
subject to AX =b and X € §.

Here C € S" and b € R™ are given problem parameters and X € S} is the optimization

variable. In fact, the duality theory on SDPs as well as the primal-dual interior-point meth-

ods for SDPs have been presented for this standard form SDP and its dual in many articles

9, 10, 12, 16]. In applications, however, various different forms of SDPs are formulated.
One typical SDP which is different from the standard form involves free variables:

(P1) minimize CeoX + f'z
subject to AX + Dz =>b and X €S}.

Here D € R™" is a constant matrix, f € RP? is a constant vector and z € R? is a
variable. Many practical problems are formulated as SDPs of this type, which include
electronic structure calculation in chemical physics [6, 15] and SDP relaxations of polynomial
optimization problems [11, 19]. To apply a primal-dual interior-point method [9, 10, 12, 16]
to the SDP (P1), we need to convert it into the standard form SDP (P0). One simple way of
conversion is to represent the free variable vector z € R? as a difference of two nonnegative
variable vectors such as z = z; — z_, z; € R} and z_ € RE, where RY denotes the
nonnegative orthant of R”. This conversion method is employed in the software package
SeDuMi [17] and SDPT3 [18]. The method not only expands the size of SDP to be solved
but also yields some numerical difficulties such that the converted SDP has a continuum of
optimal solutions and its dual has no interior feasible solution. This demerit would often
cause it difficult to solve the converted SDP stably and/or to compute a highly accurate
optimal solution as reported in the paper [19]. We can also modify the primal-dual interior-
point method so as to process an SDP having free variables as done in an old version of the
software package SDPT3 [18]. Solving an SDP having free variables stably and accurately,
however, is still an important research subject.

This paper presents a new method for converting the SDP (P1) into a standard form
SDP. In order to compute an accurate optimal solution of the converted standard form SDP
by a general-purpose interior-point method, it is desirable that the conversion preserves the
strict feasibility. More specifically, it is desirable that the converted standard form SDP
and its dual have interior feasible solutions whenever this property holds for the original
primal-dual pair of SDPs. Our conversion method satisfies this property. Another important
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feature of our method is that as the original SDP (P1) involves more free variables, the size
of the converted standard form SDP becomes smaller than that of the original SDP (P1);
hence solving the converted SDP is faster than solving the original SDP (P1) if their data
matrices have similar sparsity. An important issue in our conversion method is how we
maintain the sparsity [5, 7, 13, 14] of the original SDP (P1). When the original SDP (P1)
is fully dense, the converted SDP is also fully dense. Hence there is no need to consider the
sparsity. When the original SDP (P1) is sparse, however, the converted SDP may become
denser than the original SDP (P1). Due to this worsening of the sparsity, it may be slower
to solve the converted SDP than the original SDP (P1) although the size of the converted
SDP is smaller than that of the original SDP (P1). Therefore we need to consider how to
maintain the sparsity of the original SDP (P1) in the converted SDP.

In Section 2, we describe two methods that convert the SDP (P1) having free variables
into standard form SDPs. The first one is a simple conversion method which rewrites a
free variable as the difference of two non-negative variables, while the second method is
our new conversion method. Section 3 is devoted to some technical details of the new
conversion method including its number of arithmetic operations required and a greedy
heuristic technique to make the converted standard form SDP as sparse as possible. In
Section 4, we report some numerical results.

2 Conversion of an SDP having free variables into a
standard form SDP

In this section, we present two methods for converting the SDP (P1) having free variables
into standard form SDPs.

2.1 A simple conversion by splitting free variables

The SDP (P1) can be converted into a standard form SDP by representing the variable
z € R? as a difference of two nonnegative variable vectors z, € RY and z_ € RY such that
z =z, — z_. Let diag(a) denote the p x p diagonal matrix with the diagonal components
ai,as, ..., a, for each a = (ay,as,...,a,)" € R?, and let d; (i =1,2,...,m) denote the ith
row of the matrix D. Then the SDP (P1) can be rewritten as a standard form SDP
(P2) minimize CeoX
subject to AX =b and X € SnEP.

where
R C (0 (0]
C = O diag(f) O ,
O O —diag(f)
R A, o o
A, = O diag(d]) o (i=1,2,...,m),
o o —diag(diT)



- X O O
X = O diag(z;) (0
o o diag(z_)

As in the case of A, A'is a linear operator defined as AX = (;11 o/X\, A, o/X\, e ,Amo/X\)T.
As we mentioned in the Introduction, disadvantages of this method are (a) the size of (P2)
becomes bigger, (b) the set of optimal solutions of the SDP (P2) is unbounded if it is
nonempty and (c) the dual of the SDP (P2) has no interior feasible solution.

2.2 The new conversion method

We start with the dual of (P1)

(D1) maximize b’y
subject to C - A'y=Z, Z €S} and D'y —f=o.

Without loss of generality, we assume that the m x p matrix D is column full rank; hence
rank(D) = p. When D is not column full rank, we remove redundant columns from D so
that the resulting matrix D’ has a smaller size and is column full rank. In this case, we use
D’ instead of D.

Since rank(D) = p, we know that p < m and that d] (i =1,2,...,m) contain p column
vectors forming a basis of R”. Let B denote the set of indices of the column vectors in the
basis and NN the set of indices of the other column vectors. For simplicity of discussions, we
may assume that B = {1,2,...,p}and N ={p+1,p+2,...,m}. We use the notation Dp
for the submatrix of D consisting of d; (i € B) and the notation Dy for the submatrix of
D consisting of d; (i € N). Similarly, we use yg, Yy, b and by for subvectors of y € R™
and b € R™ with the basis index set B and the nonbasis index set IV, respectively. Note
that Dp is nonsingular. Hence we can solve the equality constraint D'y — f = 0 in yp
such that

ys = D5 f — D' Diyy.

Define the linear operators A} : R” — S" and A} : R™™? — §" by
BYB = Z A;y; and Ayyy = ZAiyia
i€B ieN

respectively. Now, substituting yz = DE;T i DTBTD%y ~ into the objective function and
the linear matrix inequality constraint of the SDP (D1), we have

b'y = bpyz+byyy
= bp(Dg"f — D" DLyy) +byyy
= bpDy"f + (by — by D5 DY)yy
VA
C — Apyp — Ayyy
C — A(D3" f — D" DRyy) — Avyy
= (C—ARDy f) =) (A - Ap(Dy"d])) yi.
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Thus we obtain the following primal-dual SDPs which are equivalent to the primal-dual pair
of SDPs (P1) and (D1):

(P3) minimize by+ C e X
subject to AX =b and X € S}.
(D3) maximize ng + nyN
subject to C — A*yy =Z and Z € S7.

where
by =bLD" f, b= (b} —b5D5" DY), € =C - A,D;" .
A; = A, — AR(Dy"d]) (i € N),
~ ~ ~ - T
AX = (Ap+1 OX,Ap+20X,...,AmoX> for every X € S",

j*yN = Z ziyl- for every y, € R™7P.
ieN

Note that X ™ is a feasible (strictly feasible or optimal) solution of the SDP (P3) if and only if
(X, z) = (X*,D3'bp—D3' Ap X*) is a feasible (strictly feasible or optimal) solution of the
SDP (P1), and that (y}, Z”) is a feasible (strictly feasible or optimal) solution of the SDP
(D3) if and only if (yg, Yy, Z) = (D5 (f — DNyY), ¥k, Z7) is a feasible (strictly feasible
or optimal) of the SDP (D1). Therefore, the SDP (P1) (or its dual) has a strictly feasible
solution if and only if so does the SDP (P3) (or its dual), and there exists optimal solutions
(X, z) of (P1) and (y, Z) of (D1) satisfying the strict complementarity X + Z > O if and
only if there exists optimal solutions X™* of (P3) and (y%, Z) of (D3) satisfying the strict
complementarity X* + Z* > O. These are important properties of the converted primal-
dual pair of SDPs (P3) and (D3) that make it possible to efficiently compute accurate
optimal solutions without numerical difficulty.

3 Some technical details

3.1 The number of arithmetic operations

Let Tsplit denote the number of arithmetic operations in dense computation for solving the

SDP (P2) by SDPA [22], and Thew the one for solving the SDP (P3) by SDPA. These are
estimated as follows:

Tsplit

Thew = O((n*(m —p)+n*(m —p)*+ (m—p)°)k)
+ O@@*m) +O((m — p)(p* + pn?)),

O((n*m + n’m? + m*)k),

where k is the number of iteration of SDPA. T, split and the first term in Thew are for all

computation in SDPA to solve the SDPs (P2) and (P3), respectively. See [4]. Note that
when the data matrices A; (i = 1,2,...,m) are sparse and/or have special structures such
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Table 1: Numbers of arithmetic operations when m —p = O(1)

case Typlit Thew
m = 0(n?) | On°k) | O(n’k+ n°)
m = O(ny/n) | O(n°k) | O(n’k + n*®)
m=0(n) | O(n'k) O(n’k)

as a rank one structure [8], the number of arithmetic operations to compute the elements in
the Schur complement matrix B per iteration, which amounts to O(n®*m + n?*m?), can be
reduced substantially. The second term O(p?*m) in Thew is for a QR decomposition of DT
to choose p linearly independent vectors d; (i € B). The third term O((m — p)(p* + pn?))
is for computing C and A.

We assume that p > 1, otherwise the original SDP (P1) is itself the standard form SDP.
If m —p = O(m) then Thew = O((n®>m + n?m? + m3)k); hence Thew is of the same order
as Tsplit and our conversion method does not cause serious decrease of computational time
in this case.

On the other hand, when m — p = O(1), we see that Thew = O(n*k + m> + mn?).
Table 1 shows the order of Tsplit and Thew for three cases on how m relates to n. In all
cases, the order of Thew becomes smaller than the one of T Hence, solving the SDP

(P3) is expected to be faster than solving the SDP (P2).

plit-

3.2 Greedy heuristic for choosing a basis index set B

As we mentioned in the Introduction, maintaining the sparsity of the original SDP (P1)
is important to implement _our conversion method. Each data matrix Az of the converted
SDP (P3) is computed as A; = A; — A5(D3"d!) (i € N). Hence the sparsity of the matrix
:4,- (1 € N) is the same with the aggregate sparsity of the matrix A; and the p matrices
Ay (k € B). If all of the data matrices A; (j = 1,2,...,m) are fully dense, each matrix
A; (i € N) is also fully dense. If the data matrices Aj (j=1,2,...,m) are sparse and have
different sparsity patterns, however, the sparsity of the matrix Ziz becomes worse than the
matrix A; (i € N). Moreover, the sparsity of the matrix A; (i € N) depends on how we
choose p column vectors d! (i € B) from D*. Many SDP software packages exploit sparsity
of a problem to reduce the computational time for solving the problem depending on its
sparsity. More specifically, as the sparsity of the data matrices of the problem increases,
the problem can be solved faster. See the papers [5, 7, 13, 14]. In order to maintain the
sparsity of the original SDP (P1) as much as possible, we need to choose p column vectors
d! (i € B) from D” so that the density of the data matrices A = A, —As(DZ'dl) (i € N)
of the converted SDP (P3) is minimized. However, choosing such column vectors is very
hard. Therefore we use the following heuristic method. Given DT = [dlds ...d%], let
E ={1,2,...,m} be the set of indices of column vectors of D”, and ¢ the set of subsets
S of E such that d! (i € S) are linearly independent. Removing columns from a set

of columns d; (i € S) produces another set of columns which are linearly independent.



Moreover, if S, and S,4; are elements of ¢ containing p and p 4 1 indices, we always can
find an index e € S, \ S,, satisfying the property that S, U {e} is a subset of E such that
d! (i € S,uU{e}) are linearly independent. Hence, the system (E, ¢) forms a matric matroid.
One associates a weight w; for each i« € E/, which is the number of nonzero elements in the
matrix A;. The weight of any element S of ¢ is the sum of the weights of its elements.
The matroid optimization problem is to find the B € ¢ with minimum weight, which is
solved by greedy algorithm. See [1]. As a solution of this matroid optimization problem,
we have the B € ¢ such that d! € R? (i € B) form a basis of R” and that A; (i € B) are
relatively sparse among the set of matrices A; (i = 1,2,...,m); hence the data matrices
A=A — As(D3'd!) (i € N) in the resulting SDP (P3) are expected to become sparse.
In order to choose linearly independent column vectors of DT, we use a QR factorization
of DT, By a QR factorization of DT € RP*™ we have an orthogonal matrix Q@ € RP*? and
an upper triangular matrix R € RP*™ which satisfy DT = Q x R. For each ith row of the
matrix R (i =1,2,...,p), we define an index j(i) by

J(i) = argminje{l,Q,...,m}{j P Ry # 0}

where R;; is the (4, j) element of R. Then djr(i) € RP (i=1,2,...,p) are linearly independent
and form a basis of R”. In our implementation of the greedy heuristic, we reorder d of
D7 in the ascending order of weights w; before applying a QR factorization in order to
incorporate the sparsity of d; (i =1,2,...,m).

3.3 Numerical evaluation of the greedy heuristic

In order to evaluate the above greedy algorithm, we executed the following numerical ex-
periment. We derived two SDPs of the form (P3) from the original SDP (P1). The one was
generated by using the greedy heuristic algorithm, and the other as follows. We compute
a QR factorization of the matrix D” with column pivoting by the LAPACK [2] function
dgeqp3. As an output of this function, we have a pivoting vector. By using this pivoting
information, we choose a basis index set B. This method pays no attention to the sparsity
of the original SDP (P1) so that the resulting SDP (P3) may be much denser than the
original SDP (P1). We implemented these two conversion methods in C++ language, and
we used LAPACK [2] for dense computation of matrices and vectors.

In this experiment, we solved randomly generated sparse problems. We fixed the size n
of the variable matrix X to be 500 and the number m of constraints to be 500. The number
p of free variables is 10, 30 or 100. In addition, each problem involves a sparsity parameter
g € (0,1]. By using this parameter, the problem was generated so that the number of
nonzero elements in the matrix A; becomes nearly 4 xn? (i = 1,2,...,m). As a result, we
have a problem in which the sparsities of the data matrices A; (i = 1,2,---,m) are different
from each other depending on the parameter q. Each nonzero entry in the matrices was
a randomly generated number with a uniform distribution. Moreover, the matrix D was
generated so that the number of nonzero elements becomes nearly g x mp and each entry was
generated by a uniform random number which took value between 0 and m. The matrix C
was taken to be the identity matrix I and each entry of the vectors f and b was generated
by a uniform random number which took value between 0 and 1. By generating D and f



in this way, there surely exists a vector y which satisfies DTy = f. Each entry of D takes
a value between 0 and m and each entry of f takes a value between 0 and 1 so that the
entries of y are expected to be small. Thus C — A*y(= I — A*y) is expected to be positive
semidefinite. In our numerical experiment, we ran SDPA 6.2 with the default setting. When
the primal infeasibility

p.err = max{‘AioXk—bi|:i:1,2,...,m}, (1)
the dual infeasibility

[Z Az‘yf +2Z" - Clog

i=1

derr = max{

:p,q:l,Q,...,n}, (2)

and the relative gap

B >0 byt — C e X*| )
s = max { (|30, biyk| + |C © X*[)/2.0,1.0}

are smaller than 1.0E-7, SDPA stops and outputs the current iterate (X F oy, Zk) as an
approximate optimal solution.

Table 2 shows the computational time per iteration of SDPA applied to the converted
SDP (P3) with and without the above heuristic algorithm for choosing a basis index set B.
As these results show, the heuristic algorithm is effective to maintain the sparsity of the
original SDP (P1) in the converted SDP (P3). Thus it is reasonable to use this heuristic
algorithm from the viewpoint of computational time. We observed in some cases that the
converted SDP (P3) obtained with the heuristic algorithm was difficult to be solved stably.
In those cases, we tried the conversion without the heuristic algorithm so that the converted
SDP could be solved stably. In our computational results in the next section, we basically
use this heuristic algorithm for choosing a basis index set B. In cases that the stability
is more important than the computational time, however, we do not use this heuristic
algorithm.

4 Computational results

As we described in the former sections, two advantages of the new conversion method are (a)
the resulting SDP has a smaller size and (b) it can be more stably solved because the result-
ing SDP and its dual have interior-feasible solutions whenever the original primal-dual pair
of SDPs have interior-feasible solutions. In this section, we present computational results
for evaluating these two advantages of the new conversion method. The SDPs having free
variables used in this experiment are: randomly generated dense SDPs, norm minimization
problems with free variables, sparse SDP relaxations of polynomial optimization problems
[19], electronic structure calculation in chemical physics [6] and SDPLIB problems [3] with
additional free variables.

The numerical experiment was done on Pentium IV (Xeon) 2.4GHz with 6GB memory.
We mainly used SDPA 6.2 with its default setting. In addition to SDPA, we also used Se-
DuMi version 1.05 [17] for sparse SDP relaxations of polynomial optimization problems [19],
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Table 2: Effect of the greedy heuristic algorithm (time per iteration in seconds)

p | ¢ | without heuristic | with heuristic
10 | 0.1 1.39 1.40
10 1 0.3 1.54 1.56
10 | 1.0 50.77 1.93
30| 0.1 1.41 1.41
301 0.3 1.53 1.52
30| 1.0 12.47 1.95
100 | 0.1 1.36 1.37
100 | 0.3 1.53 1.49
100 | 1.0 5.54 1.91

m = 500, n = 500 for all of the problems

where the coefficient matrix B in the Schur complement equation Bdy = r of the resulting
SDP becomes sparse. The reason is that SeDuMi employs the sparse Cholesky factorization,
which is essential to significantly reduce the computational time, whereas SDPA does not.
We also used SDPT3 version 3.02 [18] for comparison between SDP packages.

In tables in this section, we use the following symbols and notation. A figure in ‘cpu’
column denotes the total computational time (second) of SDPA, SeDuMi or SDPT3, and a
figure in a bracket on the right side of the computational time is the number of iteration.
A figure in ‘pre’ column denotes the time (second) to convert the original form SDP (P1)
into the converted SDP (P3). A figure in ‘cpu/it’ or ‘c/i’ column denotes the average
computational time (second) per iteration. We use the notation ‘p.err’ to denote a primal
infeasibility error, the notation ‘d.err’ to denote a dual infeasibility error, and the notation
‘gap’ to denote a relative gap. In the SDPA case, they are defined by (1), (2) and (3),
respectively. In the SeDuMi and SDPT3 cases, they are defined by similar but slightly
different formulae. See [17, 18] for details.

When we explained the SDP (P2) in Section 2.1, we included the diagonal matrix vari-
ables diag(z, ) and diag(z_) corresponding to the two nonnegative variable vectors z, and
z_ into the semidefinite cone. However, in this numerical experiment, we directly treat
the SDP (P2) as a mixed conic problem over linear and semidefinite cones for efficiency of
the computation. In applying SeDuMi to the original SDP (P1), we specified a block of
free variables of size p via the assignment K.f= p [17]. Similarly, in applying SDPT3 to
the original SDP (P1), we specified a block of free variables of size p via the assignments
blk{1,1}=’u’and blk{1,2}=p [18].

4.1 Randomly generated dense SDPs

Table 3 shows numerical results on SDPA applied to randomly generated dense SDPs of the
form (P1) converted into the SDP (P2) and into the SDP (P3). For these problems, we fixed
the size n of the variable matrix X to be 200 and the number m of constraints to be 100.
The number p of free variables is 10, 30, 50, 70 or 90, and the matrices A; (i =1,2,...,m)



Table 3: Fully dense problems solved by SDPA

SDP (P2) SDP (P3)
m n p| cpu cpu/it gap |pre cpu cpu/it gap p.err d.err

100 200 10 |30(11)* 2.7 2e2| 24 36(16) 2.3 3e8 2e-14 2e-15
100 200 30 |28(11)* 2.6 T7e2| 22 27(16) 1.7 3e-8 Ge-14 2e-15
100 200 50 | 26(10)* 2.6 21| 18 18(16) 1.1 7e-8 4e-15 Te-16
100 200 70 | 26(10)* 2.6 21| 14 11(16)  0.69 4e-8 2e-11 le-14

100 200 90 | 28(11)* 26 9e-2| 11  5(17) 0.29 2e-8 4e-14 6e-16
(“*” in the ‘cpu’ column indicates a termination of SDPA before convergence)

are randomly generated with a uniform distribution. The original SDPs (P1) are fully dense
so that the converted SDPs (P3) are also fully dense no matter how we choose the index
set B. Thus, we did not use the greedy heuristic to derive the converted SDPs (P3). We
observe that SDPA was able to solve all problems converted into the SDP (P3); it found
an optimal solution of each problem whose primal infeasibility, dual infeasibility and the
relative gap are smaller than 1.0e-7. In contrast to this, SDPA was able to solve none of
the problems converted into the SDP (P2); it terminated before finding an optimal solution
with the same accuracy due to either (a) the coefficient matrix B in the Schur complement
equation Bdy = r is not positive definite or (b) the step length cannot be determined. We
also see that as the p value becomes closer to the m value, the computational time and
the computational time per iteration of SDPA applied to the converted SDP (P3) becomes
smaller. Therefore the conversion into the SDP (P3) is not only numerically stable but
also efficient in computational time than the conversion into the SDP (P2) in this numerical
experiment. Table 4 shows results on SeDuMi, which are similar to the ones on SDPA. That
is, SeDuMi was able to solve none of the original SDPs (P1), and as the p value becomes
closer to the m value, the computational time and the computational time per iteration
of SeDuMi applied to the converted SDP (P3) becomes smaller. Table 5 shows results on
SDPT3. In contrast to SDPA and SeDuMi, SDPT3 was able to solve all of the original
SDPs (P1) and the converted SDPs (P3). The computational time and the computational
time per iteration of SDPT3 applied to the SDP (P3) is smaller than the one of SDPT3
applied to the SDP (P1).

4.2 Norm minimization problems with free variables

Let F; € R™"(i =0,1,...,q) The norm minimization problem is then defined as follows:
q
min || Fy + ZFzyzH subject toy; € R (i =1,2,...,q).
i=1

where |G|| is the spectral norm of Gj i.e., the square root of the maximum eigenvalue of

GTG. If we define

m = q+1, b=(0,0,...,—1)" € R™,
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Table 4: Fully dense problems solved by SeDuMi

SDP (P1) SDP (P3)
m n o p cpu cpu/it  gap | pre  cpu cpu/it  gap p.err d.err
100 200 10 | 256(12)* 21 3e-7| 24 212(16) 13 3e-10 8e-10 0e+0
100 200 30 | 368(12)* 31 4de7| 22 126(15) 84 8e10 209 0e+0
100 200 50 | 356(11)* 32 le-6| 18 105(16) 6.6 3e-10 3e-10 0e+0
100 200 70 | 306(12)* 26 2e-7| 14 106(14) 7.6 2e-8 4e-7T 0e+0
100 200 90 | 590(17)* 35 9e-10 | 11 23(15) 1.5 8e-10 8e-10 0e+0

(“*” in the ‘cpu’ column indicates a termination of SeDuMi with an error termination code)

Table 5: Fully dense problems solved by SDPT3

SDP (P1) SDP (P3)
m n p| cpu cpu/it gap |pre cpu cpu/it gap p.err d.err
100 200 10 | 68(13) 5.2 8e-10 | 24 65(14) 4.6 9e-10 1le-7 1e-15
100 200 30 | 64(12) 5.3  4e-9| 22 45(13) 3.5 3e9 be-8 2e-15
100 200 50 | 63(12) 53  3e9| 18 32(13) 2.5  3e-9 4e-9 6e-16
(12) (13)
(12) (13)

100 200 70|63 2.3 2¢9] 14 20 1.5 3e-9 3e-10 8e-15
100 200 90 | 64 53 6e-9| 11 10 0.8 5e-9 2e9 2e-16

o FI\ . _
Ai - _<Fz (0] )(2_1727'-->Q)7
I O O Fj
A‘H—l = _<O I)’C:<F0 00)7

we can transform this problem into the dual of the standard form SDP (PO0).

We first generated norm minimization problems whose data matrices and vectors are
randomly generated in the dual of the standard form SDP (P0) as mentioned above. Then
we randomly generated a matrix D € R™*? and a vector f € R?, and added them to the
dual SDP as in (D1) and to the primal SDP as in (P1). The data matrices Ay, As,..., A,
of SDP (P1) defined above have a favourable sparse structure which the converted SDP
(P3) could inherit, so that the original SDP (P1) and the converted SDP (P3) have similar
sparsity. To derive the converted SDPs (P3), we used the greedy heuristic. Table 6 shows
some critical differences in the computational time, the computational time per iteration
and the numerical stability between the conversions into the SDP (P2) and the SDP (P3). In
particular, SDPA solved all four problems converted into the SDP (P3) accurately, whereas
it was able to solve none of the problems converted into the SDP (P2). The reason of
a termination of SDPA applied to each of the converted SDP (P2) is that the coefficient
matrix B in the Schur complement equation Bdy = r was not positive definite during
the iterations. Table 7 shows results on SeDuMi and Table 8 shows results on SDPT3.
SeDuMi and SDPT3 were able to solve all problems in the original SDP (P1) and in the
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Table 6: Norm minimization problems with free variables solved by SDPA

SDP (P2) SDP (P3)
m n P cpu cpu/it  gap | pre cpu cpu/it gap p.err d.err
500 500 100 | 890(7)* 127 2e+40 7 1334(16) 83 Te-8 Te-16 3e-15

500 500 200 | 1002(8)* 125 2e+0| 12 936(16) 59 le-8 T7e-16 2e-15

500 500 300 | 1184(9)* 132 2e+0 | 13 819(17) 48 2e-8 le-15 le-15

500 500 400 | 1188(9)* 132 2e+0| 9 526(17) 31 3e-8 2e-15 le-15
(“*” in the ‘cpu’ column indicates a termination of SDPA before convergence)

Table 7: Norm minimization problems with free variables solved by SeDuMi

SDP (P1) SDP (P3)
m n P cpu cpu/it  gap | pre cpu cpu/it  gap p.err d.err
500 500 100 | 312(12) 26 2e-12| 7 105(5) 21 4e-10 1e-10 0Oet0
500 500 200 | 278(10) 28 6e-10 | 12 106(5) 21 1e-12 5e-12 0e+40
500 500 300 | 276(10) 28 3e-10 | 13 99(5) 20 3e-14 4e-12 0e+40
500 500 400 | 339(12) 28 Ge-11 9  94(5) 19 2e-14 4e-12 0e+0

converted SDP (P3). The computational time of SeDuMi/SDPT3 applied to the SDP (P3)
is smaller than the one applied to the SDP (P1). The computational time per iteration
of SDPT3 applied to the SDP (P3) is smaller than the one of the SDP (P1), whereas the
computational time per iteration of SeDuMi applied to the SDP (P3) is similar to the one
of SeDuMi applied to the SDP (P1). We note that the number of iterations of SeDuMi
applied to the SDP (P3) is smaller than the one of SeDuMi applied to the SDP (P1).

4.3 Sparse SDP relaxations of polynomial optimization problems

Sparse SDP relaxations of polynomial optimization problems [19] are formulated as the dual
form SDPs (D1). Test problems are chosen from [20]. An important feature of SDPs arising
from sparse SDP relaxations of polynomial optimization problems is that the coefficient

Table 8: Norm minimization problems with free variables solved by SDPT3

SDP (P1) SDP (P3)
m n P cpu cpu/it  gap | pre cpu cpu/it gap p.err d.err
500 500 100 | 182(11) 17 9e-10 7 222(11) 20 1e-9 9e-9 3e-15
500 500 200 | 181(11) 16 2e-9| 12 184(11) 17 3e-9  3e-9 3e-15
500 500 300 | 187(11) 17 2e-9 | 13 125(11) 11 4e-9  5e-9 3e-15
500 500 400 | 189(11) 17 3e-9 9 67(11) 6 4e-9 4e-10 3e-15
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Table 9: Sizes of SDP relaxation of polynomial optimization problems

problem m  free var. LP var. n (block structures)
exd_casel | 714 188 1410 [55x1, 10x20]
exb_case2 | T14 188 1410 [55x1, 10x20]
exd_cased | T14 188 1410  [55x1, 10x20]
ex9_1.1 | 2379 055 4732 [105x1, 14x26]
ex9.1.2 | 1000 468 1980 [66x1, 11x20]
ex9_1.4 | 1000 468 1980 [66x1, 11x20]
ex9_1.5 | 2379 056 4732 [105x1, 14x26]
ex9.1.8 | 1819 705 3614 [91x1, 13x25]
ex9.2_1 | 1000 468 1980 [66x1, 11x20]
ex0.2.2 | 494 250 972 [45x1, 9x18]
ex9.2.4 | 494 224 972 [45x1, 9x16]
ex9.2.5 | 494 250 972 [45x1, 9x16]
ex9.2.6 | 1819 705 3614 [91x1, 13x24]
ex9-2_7 | 1000 468 1980 [66x1, 11x20]
ex9.2.8 | 209 115 406 [28x1, 7x12]

matrix in the Schur complement equation becomes sparse. Therefore we used SeDuMi for
solving these problems, which employs the sparse Cholesky factorization to solve the Schur
complement equation. We did not use the greedy heuristic algorithm for choosing a basis
index set B because the numerical stability was more critical than the computational time
for these SDPs. Sizes of the problems are shown in Table 9. An entry [55 x 1,10 x 20]
in the 'n(block structures)’ column means that the problem has 21 SDP blocks, the size
of the first block is 55 and the sizes of the remaining 20 blocks are 10. Table 10 shows
results on SeDuMi applied to the original SDP (P1) and the converted SDP (P3) for solving
these problems. SeDuMi was able to find more accurate optimal solutions of all problems
converted into the SDP (P3) than the original form (P1) except ex9_1.8. We also see that
the computational time per iteration of the SDP (P3) is smaller than the one of the SDP
(P1) for all problems in Table 10. In these SDPs, the number p of free variables is large so
that the number of constraints in the converted SDP (P3) becomes smaller than the one of
the original SDP (P1). This contributed to the reduction of the computational time.

4.4 Electronic structure calculation in chemical physics

SDPs with equality constraints arise in electronic structure calculation in chemical physics
(6], which are formulated as the dual form SDPs (D1). Their sizes of Table 11 can be so
huge that parallel computation is often inevitable to solve them [6]. Here we show some
numerical results for solving small size problems. Because of the nature of these SDPs,
we need to adjust a parameter of SDPA in order to solve them stably. In particular, we
adjusted a parameter ‘lambdaStar’ of SDPA, which controls the magnitude of the initial
point, from the default value 1.0e2 to 1.0e0. To derive the converted SDPs (P3), we used
the greedy heuristic. Table 12 shows results on SDPA applied to the SDP (P2) and the
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Table 10: SDP relaxation of polynomial optimization problems solved by SeDuMi

SDP (P1) SDP (P3)
problem cpu cpu/it gap | pre cpu cpu/it gap p.err d.err
exb_casel 29(37)* 0.78 1le-7 | 043 18(37)* 0.49 5e-8 2e-8 b5e-10
exb_case2 27(35)* 0.77 28| 045 17(35)* 0.49 2e-8 4e-9 1le-10
exb_cased | 25(32)* 0.78 3e-8| 044 16(32)* 0.5 28 2e9 Te-ll
ex9_1_1 536(22)* 24 2e-9 31 116(21) 5.5 4de-11 1le-12 3e-14
ex9.1.2 47(23)* 2.0 3e-8 3.3 11(26) 0.42 8e-10 4e-11 2e-12
ex9.14 60(30)* 20 1e9| 34 14(36) 0.39 5e-11 8e-12 3e-13
ex9_1.5 543(22)* 25 2e-7 31 130(21)* 6.2 le-7 5e-9  Te-11
ex9.1.8 326(30)* 11 le-7 13 74(24)* 3.1 8e6 4e-7T Te9
ex9.2_1 50(24)* 21  5e9| 34 17(26)* 0.65 2e-10 1le-11 5e-13
ex9.2.2 46(56)* 0.82 8e-11 | 1.1 12(56) * 0.21 6e-10 3e-9 2e-10
ex9.24 5.0(17)* 0.29 4e-9 ] 0.35 1.9(22) 0.09 2e-12 2e-13 2e-15
ex9.2.5 5.2(15)* 0.35 1le-8 | 0.45 1.7(18) 0.09 9e-12 Te-13 4e-14
ex9.2.6 371(34)* 11 9e-12 13 97(35)* 2.8 6e-12 2e-13 4e-15
ex9.2.7 47(23)* 2.0 5e-8| 34 15(25) 0.6 8e-10 bHe-11 2e-12
ex9.2.8 0.92(15)* 0.06 2e-9|0.04 0.37(14) 0.03 2e-12 3e-13 1le-14

(“*”in the ‘cpu’ column indicates a termination of SeDuMi before convergence)

SDP (P3). We note that the ‘d.err’ values, which are not presented in the table, are smaller
than 1.0e-7 for all problems in both cases of the SDP (P2) and the SDP (P3). However,
the ‘gap’ values and the ‘p.err’ values of SDPA applied to the SDP (P3) are smaller than or
of almost the same magnitude as those of SDPA applied to the SDP (P2) for all problems
except H3.2A1.DZ.r12. The computational time per iteration of SDPA applied to the SDP
(P3) is larger than the one of SDPA applied to the SDP (P2). In these SDPs, the number
of constraints m in the original SDP (P1) is small so that the number of constraints in the
converted SDP (P3) is nearly the same with the one of SDP (P1). Moreover, a few of the
data matrices A;(i = 1,2,...,m) are dense and the other data matrices are very sparse.
Thus, when an index i of a dense matrix A; happens to be in the basis index set B, the
data matrices in the converted SDP (P3) become denser than those in the original SDP
(P1). This resulted in an increase of the computational time of SDPA applied to the SDP
(P3). Table 13 shows results on SeDuMi. As in the case of SDPA, the ’d.err‘ values, which
are not presented in the table, are smaller than 1.0e-7 for all problems in both cases of SDP
(P1) and the SDP (P3). The "p.err* values of SeDuMi applied to the SDP (P3) are smaller
than those of SeDuMi applied to the SDP (P1) for all problems, and the ’gap‘ values of
SeDuMi applied to the SDP (P3) are smaller than or of almost the same magnitude as those
of SeDuMi applied to the SDP (P1) for all problems except FH2+.1A1.STO6G.r14.

4.5 SDPLIB problems with additional free variables

We modified benchmark test problems from SDPLIB [3]. Each problem in SDPLIB is
formulated as a standard form SDP (P0). To generate an SDP having free variables, we
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Table 11: Sizes of electronic structure calculation problems in chemical physics

problem m free var. n (block structures)

Be.1S.STO6G.r10 465 34 [5x4, 10x6, 25%x4, 505, 175X 2]
BeH+.1Sigma+.STO6C.r12 | 948 46 [6x4, 15x4, 20x2, 36x4, 72x1, 90x4, 306x2]
CH3.2A2.STO6G.r16 2964 76 [8x4, 28%4, 56x2, 64x4, 128x1, 224 x2]
FH2+.1A1.STO6G 114 1743 60 [7x4, 21x4, 35x2, 49x4, 98x1 , 147x4, 490x2]
H3.2A1.DZ.r12 948 46 [6x4, 15x4, 20x2, 36x4, 72x1 , 90x4, 306%2]
Li.25.STO6G.110 465 34 [5x4, 10x6, 25x4, 505, 175x2]
NH2-.1A1.STO6G.r14 1743 60 [7x4, 21x4, 35x2, 49x4, 98x1 , 147x4, 490x2]
NH4+.1A1.STO6GN.r18 | 4743 94 [9x4, 36x4, 81x4, 84x2, 162x 1, 324x2]

Table 12: Electronic structure calculation problems in chemical physics solved by SDPA

SDP (P1) SDP (P3)
problem cpu c¢/i  gap p.err | pre cpu c¢/i gap p.err
Be.1S.ST0O6G.r10 53(20) 2.7  6e-8 2e9 | 1.1 90(19) 4.7 9e-8 1le-10
BeH +.1Sigma+.STO6G.r12 | 618(24) 26  7e8  3e9 | 2.7  2052(25) 118 5e-8 2e-11
CH3.2A2.STO6G.r16 637(16)* 40  6e-3  1le-3 2 904(24)* 38 2e-7  4de-T
FH2+4.1A1.STO6G.r14 2895(20)* 145  3e4  le-2 8 9545(28) 341 4e-8  2e-8
H3.2A1.DZ.112 570(22) 26 9e-10 6e-10 | 2.7 2717(22)* 124 37 de-11
Li.25.STO6G.110 54(20) 2.7  6e8 6e-10 | 1.1 88(19) 4.6 9e-8 le-12
NH2-.1A1.STO6G.114 2805(20)* 145 ded 203 | 7.4 6098(18)* 339 led 2e4
NH4+.1A1.STO6GN.r18 3230(25) 129  4e-8 1le-7 | 4.0 2874(22) 131 1le-7  9e-8

(“*”in the ‘cpu’ column indicates a termination of SDPA before convergence)

Table 13: Electronic structure calculation problems in chemical physics solved by SeDuMi

SDP (P1) SDP (P3)
problem cpu c¢/i gap p.err | pre cpu  c¢/i gap  p.err
Be.1S.STO6G.r10 49(24) 2.0 3e-8 T7e9 | 1.1 51(22) 2.3  9e-8 6e-10
BeH+.1Sigma+.STO6G.r12 362(29) 12 5e-8 le-8 | 2.7 428(29) 15 2e-8 2e-10
CH3.2A2.STO6G.r16 3240(55)* 59 8e9  6e-8 2 2689(51) 53 Te-8 4e9
FH2+.1A1.STO6G.r14 2225(33) 67 2e-7T  be-8 8  2515(32) 79 le-6  7e-9
H3.2A1.DZ.r12 588(37)* 16 9e-9 3e9 | 2.7 967(47)* 21 9e-10 8e-11
Li.25.STO6G.r10 42(21) 2.0 2e-9 6e-10 | 1.1 43(19) 2.3 4e-8 2e-10
NH2-.1A1.STO6G.r14 2331(35) 67 9e-8 3e-8| 74  2560(33) 78  Te-7  8e-9
NH4+.1A1.STO6GN.r18 10949(44)* 249 3e-8 8e-8 | 4.0 10027(44) 228 4e-7 le-8

(“*” in the ‘cpu’ column indicates a termination of SeDuMi with an error termination code)
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Table 14: Sizes of problems from SDPLIB with free variables

problem | m free var. n
theta3 1106 365 150
thetad 1949 649 200
qap7 358 119 50
qapl0 1021 340 101
mcpl24-3 | 124 41 124
mcpl24-4 | 124 41 124
mcp250-3 | 250 83 250
mcp250-4 | 250 83 250
oppl24-3 | 125 41 124
gppl24-4 | 125 41 124
gpp250-2 | 251 83 250
gpp250-3 | 251 83 250

randomly generated a matrix D € R™*? and a vector f € R? and add them to this SDP
(P0), where p was taken to be m/3. In this way, we had a set of SDPs having free variables.
To derive the converted SDPs (P3), we used the greedy heuristic. Tables 15, 16 and 17
show results on SDPA applied to the standard form SDP (P2) and the converted SDP (P3),
results on SeDuMi applied to the original SDP (P1) and the converted SDP (P3), results on
SDPT3 applied to the original SDP (P1) and the converted SDP (P3), respectively. SDPA
solved 7 of the problems converted into the SDP (P3) accurately, while it was able to solve
none of the problems converted into the SDP (P2) because of some numerical difficulties.
SeDuMi also found more accurate solutions of the SDP (P3) than the original SDP (P1) in
all cases except mcpl124-3, mcpl24-4, mep250-3 and mcp250-4. Therefore, the conversion
into the SDP (P3) is effective in SDPA and SeDuMi in those cases. For mep124-4, mep250-3
and mcp250-4, SeDuMi found solutions of the SDP (P1) whose ‘gap’ are smaller than those
of solutions of the SDP (P3), whereas the ‘p.err’ of solutions of the SDP (P1) are larger
than those of solutions of the SDP (P3); hence we cannot say which solutions are better
than the others. For mep124-3, SeDuMi found solutions of the original SDP (P1) whose
‘gap’ and ‘p.err’ are smaller than those of the solutions of the SDP (P3). On the other
hand, SDPT3 was able to find accurate optimal solutions for all problems in the SDP (P1)
and the SDP (P3) forms except gpp124-4 in the SDP (P1) form. The computational time of
SDPA /SDPT3 applied to the converted SDP (P3) is larger than the one of SDPA/SDPT3
applied to the SDP (P2)/SDP (P1). The reason is that the data matrices in the converted
problems become denser than the data matrices in the original SDP (P1). It is interesting,
however, to observe that the computational time of SeDuMi applied to the converted SDP
(P3) is smaller than the one of SeDuMi applied to the original SDP (P1) for 8 problems.
This difference may be caused by the fact that the sparsity of data matrices are exploited
differently in these software packages.
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Table 15: SDPLIB with free variables solved by SDPA

SDP (P2) SDP (P3)
problem cpu cpu/it gap | pre cpu cpu/it gap p.err d.err
thetad 15(4)* 3.8 2e+40 50 116(20) 5.8 6e-10 1le-11 1e-12
theta4 57(3)* 19 2e+0 | 211 486(20) 24 l1le-9 4e-13 3e-12
qap7 0.60(5)* 0.12 5e-1| 3.0 2.5(17) 0.15 5e-10 9e-12  2e-12
qapl0 14(5)* 28 le+0 | 56  52(19) 2.7 2e-10  9e-9 3e-11
mepl24-3 | 0.36(9)*  0.040 2e+0 | 0.26 2.2(24)*  0.092 6e-8 4e-8 le-11
mcpl24-4 | 0.38(9)*  0.042 2e+0 | 0.51 2.0(22)* 0.091 5e-8 3e-9 3e-12
mcp250-3 2.3(9) * 0.26 240 | 1.1 56(21)* 2.7 27 3e-7 le-11
mcp250-4 | 2.5(10)* 0.25 2e+0 | 2.0 68(24)* 2.8  4e-7  2e-8 Te-12
gppl24-3 | 0.51(10)*  0.051  2e-2 11 2.0(21)* 0.095 8e-9 6e-10 2e-12
gppl24-4 | 0.40(8) *  0.050  7e-2 11 2.1(22)  0.095 3e-10 2e-8 2e-12
gpp250-2 2.4(8) * 0.30  2e-1| 200 55(19) 2.9 2e-10 6e-10 2e-12
gpp250-3 2.3(8) * 0.29 le-1| 198 49(19) 2.6 2-10 1le-9 8e-12

Y

(“*” in the ‘cpu’ column indicates a termination of SDPA before convergence)

Table 16: SDPLIB with free variables solved by SeDuMi

SDP (P1) SDP (P3)
problem cpu cpu/it gap p.err | pre cpu cpu/it gap p.err
thetad 121(3)* 61 Te-3  2e-1 50  52(19) 2.7 4e-12  2e-11
thetad 332(2)* 166  2e-2  5e-1 | 211 223(19) 12 3e-12 4e-11
qap7 10(8) * 1.3 9e5 3e2| 3.0 2(15) 0.13 29 8e8
qapl10 207(7) * 30 9e-4 Te+40 56 40(16) 2.5 2e-10 6e-8
mecpl24-3 | 6.7(14)* 0.48 2e-11 5e-8 | 0.26 4.8(14) 0.34 8e-8 Te-8
mcpl24-4 | 6.0(14)* 043 b5e-12  2e-8 | 0.51 4.6(14) 0.33 3e-8 4e-9
mcp250-3 | 46(13)* 3.5 210 le-6 | 1.1 39(15) 2.6 4e-7T  4de-T
mcp250-4 | 51(14)* 3.6 le-10 1le-6 | 2.0 41(14) 2.9 2e-7  be-8
gppl24-3 | 4.4(13)* 0.34  8e-7  bHe-T 11 5.7(25) 0.24 2e-12  2e-9
gppl24-4 | 5.1(13)*  0.39 1le6 3e7| 11 55(25) 022 3e13 leS8
gpp250-2 | 34(15)* 23  le-5 2e-5| 200 41(18) 2.3 2e-10 6e-8
gpp250-3 | 29(12)* 2.4 le-5 8e-6 | 198 51(19) 2.7 le-11 5e-7

(“*” in the ‘cpu’ column indicates a termination of SeDuMi with an error termination code)
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Table 17: SDPLIB with free variables solved by SDPT3

SDP (P1) SDP (P3)
problem cpu cpu/it gap | pre cpu cpu/it gap p.err d.err
thetad 53(13) 4.1  T7e9 50 117(15) 7.8 T7e-9  be-8 3e-17
thetad 253(14) 18  2e-9 | 211 429(16) 27  2e-9  2e-T 3e-17
qap’ 4.2(14) 0.30 29| 3.0 7.6(12) 0.63 29 1le-9 4de-15
qapl0 48(14) 3.4 1le-8 56  75(14) 5.4  2e-9 7Te-10 3e-14
mcpl24-3 | 1.9 0.15 3e-9|0.26 2.7(14 0.19 1le-8  bHe-7 9e-17

(13) )
mepl24-4 | 2.1(13) 016 3e-9 | 051 3.4(17) 020 4e-8  Te-7T 9e-17
mep250-3 | 8.0(14)  0.57  9e-9 | 1.1 27(15) 1.8  4e-8  6e-7 8e-17
mep250-4 | 9.1(16)  0.57 8e-10 | 2.0  32(18) 18 b5e-8 87 8e-17
(16)

gppl24-3 | 2.6 018 59| 11 3.2(16) 023 8e9 3e-10 le-14
gppl24-4 | 2.2(14)* 016 3e-8| 11 32(16) 020 5e-9 6e-11 9e-15
gpp250-2 | 12(17)  0.71 8e-10 | 200 25(16) 1.6 8e-10 2e-10 le-14
gpp250-3 | 12(17) 12 7e9 | 198 26(16) 1.6 4e-10 3e-10 4e-14

(“*” in the ‘cpu’ column indicates a termination of SDPT3 with an error termination code)

5 Concluding Remarks

In this paper, we have proposed a new method to convert an SDP having free variables into
the standard form SDP. The new conversion method has two advantages (a) the resulting
SDP has a smaller size, and (b) it can be more stably solved. Through the numerical experi-
ments, we have shown these two advantages. The conversion can be used as a preprocessing
phase within any SDP software package. As a topic of further study, it would be worthwhile
developing more effective algorithm to choose a basis index set B than the greedy heuristic
algorithm described in section 3.2 so that the resulting SDP (P3) becomes sparser.

Many of the discussions on the primal-dual SDP pairs (P1) - (D1), (P2) - (D2) and (P3)
- (D3) can be easily modified so as to deal with corresponding primal-dual pairs of LPs and
SOCPs having free variables. How to handle free variables has been studied extensively in
LPs (for example, [21]), and many software packages based on the primal-dual interior point
method can solve LPs having free variables without any difficulty. But how difficult SOCPs
having free variables are is not clear, at least, to the authors. If free variables in SOCPs
cause numerical difficulty, the method proposed in this paper may be helpful in solving such
SOCPs. However, the authors need to do extensive numerical experiments on such SOCPs
to judge the practical usefulness of the proposed method to SOCPs.

Acknowledgment: The authors are grateful to the referees for their many valuable
comments and suggestions that considerably improved the paper. In particular, the last
remark in Section 5 is added to respond to one of the referees.
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