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Abstract

In this paper, we examine the computational limitation of low degree polynomials over
finite fields. We prove that no o(logn)-degree polynomial of n variables over Z, can compute
the modulo function MOD,,, over Zg, where ¢ is a prime and m is coprime to g. Our main
technical contribution is to estimate a correlation between low degree polynomials and
modulo functions over prime field Z, by computing the Gowers uniformity of exponential
functions, which generalizes Viola and Wigderson’s estimation over Zs.

1 Introduction

1.1 Background

A low degree polynomial is one of the most fundamental objects in the field of the theoretical
computer science. It often plays important roles in a number of the areas such as error-
correcting codes, circuit complexity, probabilistic checkable proofs, etc. In particular, the com-
putational power of the low degree polynomial has attracted much attention in the complexity
theory since the seminal works by Razborov [Raz87] and Smolensky [Smo87], which proved an
exponential lower bound for AC? and ACO[p] for any prime p. The remarkable point of their
works is to approximate constant-depth circuits in AC® and AC° [p] with low degree polynomials
over the binary field. We can say that low degree polynomials over the binary field are close
to constant-depth circuits as a computational model in some sense.

Their technique is called the polynomial method. Let C be a class of functions, e.g., AC.
It gives a lower bound for the class C following two steps: (1) We show that any function in C'
has high correlation with some low degree polynomial and then (2) show some specific function,
e.g., the parity function, has low correlation with every low degree polynomial. By these two
steps, we can conclude that no function in C' computes the specific function.

The polynomial method is based on two notions we call the correlation and Z, polynomials
in this paper. For the standard polynomial method, the binary field is only considered in the
notions. However, we here define generalized ones over Z, for our purpose. The correlation
intuitively measures the distance between two functions.

Definition 1.1 (correlation). Let f,g : Zj — {1,—1}. The correlation between f and g is
defined as:

Pr [f(z) = g(x)] = Pr [f(z) # g(x)]|.

TELD IGZZIL

Corr(f,g9)=| E [f(z)g(x)]

TELY
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Also, the correlation between a function f and a class C' of functions is defined as:

Corr(f,C) = max Corr(f, g).
geC

We introduce a sort of polynomials called Z, polynomials to adjust their output to {1, —1}.

Definition 1.2 (Z, polynomials). Let g : Z; — 7Z be an integer-valued polynomial of n
variables. We then define a Zg polynomial f : Z; — {1, -1} of input L, as

1 if g | glxy,20,...,2
f(l’l,ﬂ?g,...,.%’n) = . ‘ ( ")
-1 lfq /{/g("plax%"'axn)'

The degree of f is defined as that of g. We denote by Péq) [p] a set of degree-d Z, polynomials

of input Z;. We simply write it as Ptgq) if p=gq.

For example in [Smo87], he proved for a prime ¢ and an integer m coprime to ¢ that (1) we
have Corr(f, polylogn[2]) > 1-1/n*W for every f € AC%g] and (2) Corr(MOD,, ng%ylogn[ ) <

1/(n*/?=°M) for the modulo function MOD,,, over Zy. This implies that no function in ACY can
compute MODy,. A modulo function MOD,,, : Z3 — {1, -1} is generally defined as follows.
(Again, we give a general definition over Z, for our purpose, although the case where p = 2
was only considered in [Smo87].)

1 if m | Z?:l €
=1 ifm [ 370 @

After the lower bounds were proven for AC, researchers started to investigate a new tech-
nique to prove lower bounds for higher circuit classes such as ACC. For this new goal, they
utilized the low degree polynomials and their correlation again.

For the investigation, they often discussed depth-3 circuits of the special form MAJoMOD,o
ANDy. This circuit consists of three levels. The bottom level has only ANDg, AND gate with
at most d fan-in, the middle level has only MODy, and the top level is the majority gate MAJ.
Interestingly, it is shown by Allender [AlI89] that every function in AC® can be computed by
quasipolynomial-size circuits of this form with d = polylogn.

To compare the computational power of AC? with that of ACC, Alon and Beigel dis-
cussed the hardness of the modulo function MOD,,, which is in ACC, against the depth-3
circuits [AB01]. They demonstrated that MAJ o MOD, o AND, of polynomial size cannot
compute MOD,,, if d = O(1) and ¢ is coprime to m. In what follows, we assume that ¢
is always coprime to m. Their proof reduced proving the circuit lower bound to estimat-
ing upper bounds of the correlation between its depth-2 subcircuits MOD, o AND, and the
target function MOD,,, by using the well-known discriminator lemma [HMP193]. The low
degree polynomials then model the subcircuits, and thus the essential part of their proof

MOD,,,(z1, z2,...,x,) = {

was reduced to proof of Corr(MODm,Pf) [2]) = o(1). More precise bounds on the correla-
tion were given by the results Bourgain [Bou05] and Green, Roy, and Straubing [GRS05],
which proved exponentially small upper bounds. Viola and Wigderson also gave a simple
proof for the bound of Corr(MOD,,,, ngz)) using properties of the Gowers uniformity [VWO08|.
The best known bound for general case is due to Chattopadhyay [Cha06]. He proved that
Corr(MOD,,,, P\V(2]) < exp (—Q(n/(q271)4)).

As mentioned above, a low degree polynomial was implicitly utilized as a computational
model in the circuit complexity theory. Several recent works more explicitly analyzed the



hardness against the low degree polynomial as a computational model not only over the binary
field but also general ones. For example, Viola and Wigderson gave the so-called XOR, lemma,
which generally provides how to amplify the hardness, for polynomials over the binary field
[VWO08]. Bogdanov constructed a pseudorandom generator that fools low degree polynomials
over the field whose size is not so small [Bog05]. His result was improved by a number of
intensive studies [BV07, Lov08, Vio08]. Recently, Kaufman and Lovett demonstrated that the
average-case approximability of a polynomial over general finite fields by low degree polynomials
can be reduced to the worst-case computability of a polynomial by low degree polynomials
[KLO08].

1.2 Our Results

As shown in the recent works, a low degree polynomial is actively studied as a computational
model beyond the binary field. However, it was not clarified sufficiently how low degree poly-
nomials themselves are powerful over general finite field.

In this paper, we discuss the computational limitation of the low degree polynomials over
prime fields by following the line of studies initiated by Alon and Beigel [AB0O1]. Our main
result is stated as follows:

Theorem 1.3. Let g be any odd prime and let m be any integer coprime to q. Then, we have
Corr(MOD,,, Péq)) < exp(—Q(n/q?)).

Now we consider a function MOD%), that is a simple generalization of MOD,,,.

Definition 1.4. MOD%) is a function Z;‘ — Zyy, such that
n
MODD (z1,...,x,) := ij mod m.
j=1

(9)

By a simple calculation, we directly obtain the following corollary related to MODy,, .

Corollary 1.5. Let ¢ be an odd prime and m < ¢ be coprime to q. Then there is no

o(logn/ log q)-degree polynomial Zy — Z, can compute MOD%)

Proof. Assume that there is an o(log n/ log g)-degree polynomial p : Zjy — Z, that can compute

MOD'Y. We construct an o(logn/log q)-degree Z, polynomial p’ from p such that p'(z) = 1 if
p(z) =0, and p/'(z) = —1 if p(x) # 0. Then, p’ can compute MOD,,,, which contradicts that
no o(log n/log q)-degree Z, polynomial can compute MOD,,, from Theorem 1.3. O

Therefore, polynomials over Z, require at least Q(logn) degree to compute MOD%) over

Zq for a constant q.

Our approach is a generalization of Viola and Wigderson’s work, which exploits properties
of the Gowers uniformity [VWO08]. The Gowers uniformity was originally introduced by Gowers
[Gow98, Gow01] and independently by Alon, Kaufman, Krivelevich, Litsyn and Ron [AKK™03].

Many applications of the Gowers uniformity have already found in the theoretical computer
science such as linearity testing in PCP [Sam07, ST06] and pseudorandom generators for low
degree polynomials [Bog05, BV07]. We apply it to estimation of the correlation over a prime
field by generalizing Viola and Wigderson’s estimation over Zs.



The main technical issue of our result is to estimate the Gowers uniformity of an exponential
function over a prime field. Viola and Wigderson also gave a similar estimation for the Gowers
uniformity over Zo. The estimation for the case of Zy was simply done by the property of Z.
Generalizing the underlying field, the estimation becomes complicated, as seen in Section 3. We
then require several new calculation methods for a prime field, which may be of independent
interest.

2 Gowers Uniformity

We present the definition of the Gowers uniformity and its properties. For the definition, we
first introduce several notions. The conjugate of a complex number a + ib, where 7 is the
imaginary unit, is denoted by a + ¢b. For a complex number z and an integer j, we denote by
24 the complex number z if j is an even, and its conjugate Z if j is an odd. A set {1,2,...,n}
is denoted by [n]. The definition of the Gowers uniformity is given as follows.

Definition 2.1 (Gowers uniformity over Z, [Gow98, Gow01]). Let d > 0, f : Z3 — C, @ be
the addition over Z,. Then the degree-d Gowers uniformity of f over Z, is defined as

5]

ULf)== E I[I7lzePy
SC[d]

Y1, Yd ELY jes

There are useful properties of the Gowers uniformity.

Proposition 2.2 ([GT08, VWO08]). For every function f : Zy — C,

E [f(z)]

xEZQ

2. for every k, U(f(f) <\JUKY(p),

3. for every Zq polynomial p of degree at most d, Uqfl+1(f p) = Ug+1(f),

4. for every function f' : Zg/ — C, Uf(f ) = Ué“(f) . Uf(f’), where (f - f)(x,y) =
f@)f'(y).

=/ Ug (),

3 Overview

Our goal is to estimate of the correlation between the modulo function and Z, polynomials,
that is Corr(MOD,,, P\?)).

Theorem 3.1. For any prime q > 3, any integer m coprime to q,
Corr(MOD P(q)) <exp|—a-
my £ d — p qd )

where a > 0 s a constant that depends on m only.



Since our proof of the above theorem is technically complicated and involved, we exhibit
the overview of our proof to obtain intuitions in this section.

We first show the correlation Corr(MOD,,, Péq)) is bounded by the Gowers uniformity of
the exponential function e? () = exp(2mwiax/m) above by using the properties of the Gowers
uniformity. This method is a straightforward extension of the proof of Viola and Wigder-
son [VWO08], which is proven by Proposition 2.2.

Lemma 3.2 ([VWO08]). For any a € [m — 1],

n 2d+1
Corr(MODm,Png)) <(m-1) (Ug“(e;ln)) / :

Hence, our task is reduced to the estimation of the Gowers uniformity Ug“(e,“n). Our next
target is to prove the following lemma, which is the main technical lemma of our result.

Lemma 3.3. Let ¢ > 3 be a prime, m be coprime to q, and a € [m — 1]. Then for any even

k>2,
92 k
Uf(ef’n)gl—a-<q> )

where a > 0 is a constant that depends on m only.

This lemma claims that the Gowers uniformity is sufficiently smaller than 1. By this lemma,
the upper bound (Ug“(efn))"/ 21 of the correlation becomes exponentially small. Note that
it is sufficient for our purpose to only estimate the case where k is an even, which makes our
analysis simpler. For an odd k, we can use the degree-(k + 1) Gowers uniformity instead of the

degree-k Gowers uniformity since Uf(eﬁi) < U (ea) < Ué”l(e‘,’“n) by Proposition 2.2.
Now we move to the proof of Lemma 3.3. By some inductive argument, the Gowers unifor-
mity of e?, can be bounded as follows.

v a (2 k _1+22;:1cos(27ragj(k:)/m)
Ug(em) <1 (q) {1 . },

where r = (¢ — 1)/2 and gi1(k), g2(k), ..., and g,(k) are recursive sequences defined as

201(k = 2) + g2(k = 2) if k > 4;
g1(k) = ‘
0 if k=2,
for 1 < g <r,
gk = 491 = 2+ 2050k =2t gjna (k= 2) il k>4
’ 0 if k=2,
and

gr—1(k —2) + 3g,.(k—2) if k>4
gr(k):{ 1(k—2) (k=2) |
q if k=2.

If all the g1(k),...,g-(k) are divided by m, we only obtain a trivial upper bound 1 of
Uk (e%,). Hence we have to show that there is a j € [r] such that g;(k) is not divided by m.
Once the assumption can be proven, we achieve our goal, as stated in the following lemma.



Lemma 3.4. Let ¢ > 3 be a prime, m be an integer coprime to q, r = (¢ — 1)/2, and
g1(k),...,9:(k) be sequences defined above. If there is a j € [r] such that g;(k) is not divided
by m for any even k > 2,

k 2"
Uq(efn)gl—a<q> ,

where a > 0 is a constant that depends on m only.

Now we have to show the assumption that for every even k some g;(k) is not divided by m.
These sequences look simple but it is not trivial to obtain the closed forms. Instead of directly
calculating closed forms of g1 (k), ..., g,(k), we estimate the greatest common divisor (GCD for
short) of g1(k), ..., g-(k). We can show the GCD of gi(k),...,g,(k) is a power of ¢ if ¢ > 3 is
a prime. More precisely, the following lemma holds:

Lemma 3.5. Let g > 3 be a prime and g1(k), g2(k) ..., g-(k) be sequences defined above. Then,
for any even k > 2,
ged(g1(k), g2(k), ..., go(k)) = gt =2/ (@ DIFL,

Since m is coprime to g, if the GCD has only a power of ¢ as its factors, for every even k,
there is a j such that g;(k) is not divided by m.

Now, we show how to estimate the GCD stated in the above lemma. For proving the
relations, we show that ged(g1(k),. .., g-(k)) is multiplied by ¢ for every increase of ¢ — 1 in k,
namely

qg-ged(gi(k—(¢—1)),...,9r(k—(¢—1))) ifk>qg+1;
q if2<k<q.

ng(gl(k)’ e 7gr(k)) = { (1)

It is easy to show the relation in the case where 2 < k < ¢. To show the relation in the case
where k > ¢ 4+ 1, we take the following two steps.

Step 1: ged(gi(k),. .., g-(k)) is multiplied by at least a multiple of ¢ every increase of ¢ — 1 in
k. That is,

ged(g1(k), ..., gr(k)) = Cged(g1(k — (¢ — 1)), ..., 9-(k — (¢ — 1)),
where C is a multiple of q.

Step 2: ged(g1(k), ..., g-(k)) is multiplied by only g every increase of ¢ — 1 in k. That is,
ged(g1(k)/a, .-, gr(k)/q) = ged(g1(k — (g —1)),..., gr(k — (¢ — 1))).

Now we introduce an r X r matrix A, for analyzing the GCD of these sequences. The matrix
A, is defined as

91(k) g1(k —2)
92(k) _4 g2(k —2)
gr(k) gr(k - 2)



Thus, we have

1.2.1
O 1 3

by the definition of the sequences. By powering the matrix, we obtain

g1(k) g1(k—(¢—1))
_ (4,2 92(k — (g —1))

gr&k‘) gr(k - '(q - 1))

and (¢ —1)/2 = r. In fact, we can obtain Equation (1) by transforming (A,)" using basic row
operations corresponding to the operations for the GCD. In the specific case of small ¢ like
q = 5, this transformation can be done by an adhoc manner. However, such a manner does
not work for general ¢ and thus we require a systematic manner to obtain Equation (1), which
is the above mentioned two step analysis.

Now let us see the analysis of each step. Step 1 is proven by the following lemma.

Lemma 3.6. If q is a prime, for any k > q+1

ged(g1(k), ..., g, (k) = Cged(gi(k = (¢ = 1)), -, 9, (k — (¢ — 1)),
where C' is a multiple of ¢ and r = (¢ — 1)/2.

This lemma can be proven by calculating an explicit form of each entry of (A,)" and showing
that it is a multiple of 2r + 1 = q. Precisely, we show

2r 2r i<
. . — . . Irr+-jy3=>r,
riioay— 3 \r—=(i—17) r—(i+7)
(Ar) (27]) = 2 o

A B o A ifi+j7>r+1,
r—(i—j) z—i—j—(r—i—l)) J=

and any (4,)"(i,7) is a multiple of 2r + 1.
Step 2 is more involved. It is proven by the following two lemmas.

Lemma 3.7. If q(A,;)™" is an integer matriz, for any k > q+ 1

ged (91((]@7 92((]]{2)7., . gr((]k?)> =ged(gi(k—(g—1)),92(k — (¢ —1)),...,9-(k— (¢ —1))).

-

Lemma 3.8. If q¢ > 3 is a prime, each entry of q(A,)”" is an integer.

Lemma 3.8 is technically hardest in our whole argument, and we will explain our approach
for proving it later. Here we first explain why we consider the inverse matrix ¢(A,)~" for our
analysis.



To demonstrate the idea, we discuss one concrete example where ¢ = 5 (and then r = 2).
For a while let ¢ = 5 and fixed. By the definition,

(42)° = [g 150} '

g1(k) 1 1] [g1(k—4)
i) =21 2] [ )
Hence, the GCD of ¢;(k) and g2(k) is the GCD of gi(k —4) and g2(k — 4) times at least a

multiple of 5. This is the analysis of Step 1, and this is indeed an example that Lemma 3.6
holds.

This means

We next consider the analysis of Step 2. Here we want to prove the relation that ged(g1(k)/5, g2(k)/5) =

ged(g1(k —4),g2(k —4)). First from (2), we have
[91(’@/5] _ [1 1] {gl(/"C - 4)} _ {gl(k —4) + g2(k —4)
92(k)/5 g2(k —4) gi(k —4) +2g2(k—4) ]
Hence, we have
gcd(g1(k)/5,92(K)/5) = ged(gn (k —4) + ga(k — ), qu(k = 4) + 205 (k = 4)).  (3)
For our goal, it suffices to show that the righthand side of this equation is equal to ged (g1 (k—
4),g2(k —4)). For computing the righthand side, we make use of the following basic properties
of GCD. For any integers a, b, m, the following equations hold:
ged(a, b) = ged(a, b, ma) and ged(a, b) = ged(a, b + ma). (4)
Intuitively, what we need is to express g1 (k —4) and g2(k —4) by using g1(k —4) + g2 (k —4)

and g1 (k—4) 4 2g2(k —4). To derive this transformation, we consider the inverse of the matrix

[1 1] in (2), that is, (é(Az)z)_l (= 5(A2)72). Let aj;; be the (i, j)-entry of (%(AQ)Q)_I. Then

1 2
ailr ai2 11 o 1 0
agi az] |1 2| [0 1]°
Hence, we have

by the definition we have
g1(k —4) = an1(g1(k — 4) + g2(k — 4)) + a12(g91(k — 4) + 2g2(k — 4)),
gg(/{? — 4) = agl(gl(k: — 4) + 92(]4} — 4)) + agz(gl(k‘ — 4) + 2gg(k‘ — 4))

Hence, if all entries of (%(AQ)Q)_I are integers, then by Equation (4), we have

ged(g1(k —4) + g2(k — 4), g1(k —4) +2g2(k — 4))
= ged(g1(k —4) + g2(k — 4), g1(k —4) + 2g2(k — 4),
a11(g1(k — 4) + g2(k — 4)) + a12(g1(k — 4) + 2g2(k — 4)))
= ged(g1(k —4) + g2(k —4), g1(k —4) + 2g2(k — 4), g1(k —4))
= ged(g1(k —4) + g2(k — 4), g1(k —4) +2g2(k — 4), g1(k —4),
) ( )
1( 1( ), g2(k —4))

a21(g1(k —4) + g2(k — 4)) + aga(g1(k — 4) + 2g2(k — 4
= ged(g1(k —4) +g2(k —4), g k—4
= ged(gi(k —4), g2(k —4)).

)
k—4)+2go(k —4), g



This is the motivation of introducing the inverse matrix. Coming back to the general case,
as Lemma 3.7 states, if all entries of ¢(A4,)™" (= (¢ 1(A,)")~!) are integers, then we can show
the goal of Step 2 analysis.

Now the rest is to show all entries of g(A,)~" are indeed integers, that is, Lemma 3.8. This
is the technically hardest part in our argument. Instead of directly proving that ¢(A,)~" is an
integer matrix, we prove that each entry of (q(A,)~!)" is a multiple of ¢"~!. Note that if each
entry of (q(A,)~!)" is a multiple of ¢"~! then ¢(A,)" is an integer matrix.

Note first that

(—=1)"* (205 — i) ifi <,
(—1)"*7 (qj — 2i5)  ifi>}j.

(q(Ar)_l)(iaj) = {

Let a;; = q(A,)~1(i, 7). Then,

T T T
(q<AT)71)T(iaj) = Z Z t Z ity Atytg -+ - Atp_ot, 10t 175,

tr_1=1t,_o=1 t1=1

where

(1)t (2uy — qu)  if u < v,
Qyp =
(—1)"*t(qu — 2uv) if u>w.

Let

—1)utqu ifu<w
= (=1)v Ty, = (
b 1= (1) v (=) g if u>w.
Expanding aj, ...as,_,;, we obtain a sum of products of &, and 7y,.

For example, if r = 2, the (i, j)-entry is written as

2
Z ity Oty § = Q41015 + Q2025
t1=1
= (&1 +na) (& +my) + (G2 + mi2) (€25 + m25)
= &1, + &y + -+ mianey.

Let by, € {gmin(u,v),2uv}. The product b, ---b;,_,; then represents an absolute value
of the term that consists of £, and 7, obtained by expanding a;, ...as,._,j. In the above

example, b;1b1; corresponds to one of |&1&1;|, |§i1mjl, [mi1&ijls [miimjl-
Therefore, (q(A,)71)(4,7) can be written as a linear combination of

Y= Z ”'Zbitl"'btr—lj‘

tr—1=1 t1=1

Now we show that the above summation is a multiple of ¢"~!. If the number of b, =
gmin(u,v) in {by,,..., b, _,;} is at least  — 1, the degree on q of by, ...b;,_,; is at least r — 1.
In this case, v is a multiple of ¢"~'. Hence we have to show that ~ is a multiple of ¢"~! in the
case where the number of by, = ¢min(u,v) in {by,,..., b _,;} is at most » — 2. Then let k be
the number of b,,, = 2uv. Note that £ > 2 and the number of by, = ¢ min(u,v) is r — k.

Now we use properties of a power sum stated in the following claim.



Claim 3.9. If k is an even such that k < 2r and 2r + 1 is a prime, Y, _, t* is a multiple of
2r + 1.

" 2 is a multiple of 2r + 1 = ¢ from Claim 3.9, where [ < 7. If 4 is a multiple of
tw=1"w Y
"2 where w € [r — 1] and | < r, the degree on g of 7 is at least the degree on ¢ of
tw=1tw g Y g
bit1 c. th_lj plus 1.
Actually, we can show that ~ is a multiple of

r

S Z 122 ... Z tok (5)

tw; =1 tw,=1 twy, =1

where {ty,,twy, .., tw, ,} is a subset of {t1,...,¢t,—1} and ly,...,l,—1 < r. From Claim 3.9,
Term (5) is a multiple of ¢*~1. Now the degree on g of b, ...bs, ,j is r — k. Hence the degree
on ¢ of v is at least k — 1 +r — k = r — 1. Therefore, v is a multiple of ¢"~!, which concludes
Lemma 3.8.

By Lemmas 3.6, 3.7 and 3.8, we can prove our main technical lemma, Lemma 3.5. The
details of the estimation are exhibited in Section 4.

4 Estimation of Gowers Uniformity

Let e? (z) be a function on the m-th root of unity, that is e, (z) = exp(2miaz/m). We estimate
the degree-k Gowers uniformity over Z, of ef,, where ¢ > 3 is a prime and m is coprime to g.
We have shown the overview of the estimation in Section 3. In this section, we estimate the
Gowers uniformity Ug(e%) in detail.

The following is our main lemma.

Lemma 4.1. Let ¢ > 3 be a prime, m be coprime to q, and a € [m — 1]. Then for any even
k> 2,

k 2"
Uq(eﬁl)gl—a-<q) ,

where a > 0 s a constant that depends on m only.

If Lemma 4.1 holds, the following theorem is derived from Lemma 3.2

Theorem 4.2. For any prime q > 3, any integer m coprime to q,

Corr(MOD,,,, Péq)) < exp <—a . TZ) ,
q

where a > 0 s a constant that depends on m only.

4.1 Sequences g;(k) and Their GCD

First, we introduce sequences ¢;(k), g2(k), ..., g-(k). They play an important role for proving
the main lemma. These recursive sequences are very simple. However it is not trivial how to
obtain closed forms of g;(k),. .., g-(k).

10



Definition 4.3. For an integer ¢ > 3, we define sequences gi(k), g2(k), ..., 9r(k), gr+1(k),
where k > 2 and r = |¢/2], as

g1(k—1)+ ga(k—1) if kis an even and k > 4
g1(k—1) if ¢ is an odd, k is an odd, and k£ > 3
gi(k) =< 2q1(k—1) if ¢ is an even, k is an odd, and k& > 3
0 ifk=2and q¢>3
q if k=2and qg=3,
forl <j<r,
gj(k—1)+gjs1(k—1) if kis an even and k > 4
gj(k) =< gj—1(k—1)+gj(k—1) if kisan odd and k >3
0 if k=2,
gr(k—1)4+ gr41(k—1) if kis an even and k > 4
gr(k) =< gr—1(k—1)+ g, (k—1) ifkisan odd and k > 3
q if k=2,
and
0 if k is an even
gr+1(k) = . .
2g-(k—1) if kis an odd,

where go(k) = 0 for any integer k in the case where ¢ = 3, namely r = |3/2| = 1.

If we only consider the case where k is an even, we use the next definition, that is equivalent
to Definition 4.3 if k is an even.

Definition 4.4. For an integer ¢ > 3, we define sequences g1 (k), g2(k), ..., gr(k), where k > 2
is an even and r = |¢/2], such that if ¢ > 3,
2g1(k —2) 4+ ga(k —2) if k>4 and ¢ is an odd
91(k) =< 3g1(k —2) + g2(k —2) if k>4 and ¢ is an even

0 if k=2,
forl<j<r,
(k) = gi—1(k—2)+2g;(k—2) +gjs1(k—2) ifk>4
’ 0 if k=2,
and
gr—1(k—2)+3g.(k—2) ifk>4
oo (k) = 91k =2+ 3gr(k =2)
q if k=2,
and if ¢ = 3,

(3q1(k—2) ifE>4
m“»_{ﬂzm ith=2.
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We can show that gi(k),...,g-(k) appear in the estimation of Uf(e?n). It is important to
show divisibility of gi(k),...,g,(k) for the estimation of UF(e%,). More specifically, if some

gj(k) is not divided by m, the estimation of U}(eg,) is finished, that is stated in the following
lemma.

Lemma 4.5. Let m > 2 be an integer, ¢ > 3 be an odd, g1(k),...,g-(k) be the sequences
defined in Definition 4.4 with q, and r = (¢ — 1)/2. If there is a j € [r] such that gj(k) is not
divided by m for any even k > 2,

k 2"
Uq(efn)gl—a<q> ,

where a > 0 is a constant that depends on m only.

Proof. From the definition,

G =g X en| TS (ro@u

x:yl»vykezq Sg[k] ]GS

Bounding e,,(-) by 1 on inputs yi, ...,y over Z’qC \ {1,¢ — 1}*, we then obtain the following
inequality.

k(_a
Uq (eq)

1
Sy 2 em|e GV {ee @y |+t -2t
SCTH)

TELq jeS
Y1,yp€{1,q—1}

1

k
=1-— <q> +F Z em | Z(—l)‘sl .’E@@yj
SCk]

TE€ELq jes
Y1, Ye€{1,q—1}

2\ " 1
:1_<q> 1_27(] Z em asg[;ﬂ(—l)s| $@®yj . (6)

TEZq jeSs
y177yk€{17q71}

In the case where yi,...,yx € {1,q — 1}, ng[k](_l)ls| (a: ®Djes yj> is equal to one of the

sequences gi(k), ..., gr(k) up to its sign. Specifically, the following claim holds.

Claim 4.6. Let ¢ > 3 be an integer, k > 2 be an even, and y1,...,yx € {1,¢ —1}. Now let x
be a random variable uniformly chosen at random from Z,. Then

S8 | co Py

SC[K] jes
:gl(k)y QQ(k), R gT(k); _gl(k)f _gQ(k): R _gT(k)y or 07

with each probability 1/q.
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Now we prove the lemma using this claim.

Yoemlad V) ze Py

¢€Zq SCIK] j€S
:1+Zexp< >+Zexp( 2mia (k))
j=1
—1+2icos 27r—ag (k)
=1 m

Note that e,,(0) = 1. Combining these equations and Inequality (6), we obtain

2)k {1 B 1+ 22;7:1 cos (2mag;(k)/m) } .

Uy (¢ )Sl—( p

q
Note that the number of yi,...,yx € {1,¢ — 1} is 2¥. Now there is a jo € [r] such that gj, (k)
is not divided by m. Then cos (2mwag;,(k)/m) < 1. Let 6 := cos (2magj,(k)/m). We bound
cos (2magj (k)/m) by 1 for all j' # jo. Note that 2r + 1 = q. Now,

1—1—22 _, cos(2mag;, (k)/m) 1_1+2(r—1)+2(5

q q

26 — 2

_q_4tT20=2
q

2 -2
= > 0.
q
Hence the lemma follows. O

From now on, we give the proof of Claim 4.6. For proving Claim 4.6, we show the following
claim.

Claim 4.7. Let k > 2 be an integer, ¢ > 3 be an odd, r = (¢ — 1)/2, and G(k) and G¥(k) be
ordered sequences

G(k) = _gl(k)7g2(k)7 ceey (_l)jgj(k)7 SRR (_1)rg'r(k)a
GR(k) = (_1)TgT(k)7 ) (_l)jgj(k)7 s 792(k)7 _gl(k)'

For any y1,...,yx € {1,q — 1}, there are an integer | = l(y1,...,yx,q) and a permutation
o=o0(yi,-.-,Yk, q) such that

8| 2 , _ (—D'o (—GR( )> gr+1(k), G(k) ) if k is an even
Z ( 1) D @yj - {(_1)l0. (G(k‘),( 1)r+lg GR(]C)) . .

SC[k] jes ez, 1(k), if k is an odd,

where the lefthand side (ng[k]( 1)IS] (l’ ®Djes y]>) denotes a q-tuple

0 toe @y |, D> DS f1e P | 0¥ @-ne Py |,

SCIK] j€S SCIK] jes jes
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and
(_GR(k)a ngrl(k)a G(k)) = ((_1)T+lgr(k)a - 01 (k)>g7‘+1(k)v _gl(k)7 RS (_1)rgT(k))
(G(k), (=1) " gri1 (), G (K)) = (=g1(k), .-, (=1)"gr(k), (=1)  grra(k), (=1)"gr (k). ..., —g1(k)) -

If the above claim holds, Claim 4.6 follows, since there are an integer [ and a permutation
o’ such that

> )8 ao Py

SCK] jES

TEZq
= (=D’ (g1(k), ... 95k, g (k) —g1(k), ..., —g;(k), ..., —gr(K),0),
if k is an even and y1,...,yx € {1, — 1}. Hence it suffices to prove the claim.

Proof of Claim 4.7. Let

Syl7y27~-~,yk($) = Z (_1)‘S| (.’E S @%) .

SC[k] jes
We prove this claim by the induction on k. In the base case where k = 2,
(Sy192(7)) ez, = (@ = (@B Y1) = (B y2) + (T B Y1 © 12))zez, -
If (y1,92) = (1,1)
(8171(35))%6211 =@—-2zel)+(xa 2))1€Zq =(0,...,0,—¢q,q),
if (y1,92) = (¢—1,¢—1)
(Stmtam1(@))pez, = (@ =22 @ (¢ = D} +{r® (= 2}z, = (~0,4.0,....0),
and if (y1,92) = (1,¢ — 1) or (¢ —1,1)
(S1.4-1(2)) ez, = (Sg-11(2) ez, = Cr — (@@ 1) —{x @ (¢ = D})sez, = (=4¢,0,...,0,9).
Hence there are an integer [ and a permutation ¢ such that
(Sy192(7)) ez, = (@ = (@S Y1) = (B 1) + (TS Y1 O Y))pez,
— (1o ((-1),0,...,0,(~1)"q)..
That is
(—1)o (~GR(2), 6,11(2), G(2))

The statement is true in the base case.
Next, we assume that the statement holds in the case of kK — 1 and prove that it holds in
the case of k. Note that

Syt () = Z (—1)|S| (95 ® @yj)

SC[k] jes

= Y W ze@y |- X V¥ (zene@y

SC[k—1] jes SC[k—1] jes
= Syh-.-,ykfl(ﬂf) - Syhv--,ykfl(ﬂf ® Y- (7)
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Table 1: Sy, ..y, (z) in the case where y; = 1 and k is an odd

£ Sy, (T) —Sy1, i (T D Yk) Sy, (T)
0 (—)g(k—=1) (-1)"g1(k—1) (=1)""g.(k)

Pej (g — 1) (g (k- 1) (—1 ()

Pl g1k — 1) gk —1) =0 (k)
r gry1(k—1) =0 gi(k—1) g1(k)

rri-l (CDlgak-1) (g k-1 (1)

21 (1) lga(k—1)  (“1)g(k—1)  (~1) g (k)
o Crgk—1) () Pgk—1)  (-1)

Table 2: Sy, .. (z) in the case where y, = ¢ — 1 and k is an odd

z Syt (T) —Syros (T D Yr) Sy, ()

0 ) k-1 g (k=1 (1) g (F)

1 (g (k—1) (C1)Pgk—1)  (“1)7ge(k)

Pegtl (—Wgalk—1)  (“1)gk-1)  (~1)g(k)
Pl g1 (k—1) 4ok — 1) ga(k)

r gr41(k—1) =0 —g1(k—1) —g1(k)
r+1 —g1(k = 1) —gr41(k=1) =0 —g1(k)
rvi o (Wgk—1)  (—Wgak—1)  (~1)ig(k)

> (-1 (Ugak-1)  (-17gk)

First, we consider the case where k is an odd. Since k — 1 is an even, by the induction
hypothesis, there are an integer I’ and a permutation ¢’ such that

(Spries (7)) ez, = (“1)'0" (=G (k = 1), grs1(k = 1), G(k — 1)) .

Now we omit (—1)11 and ¢’. From the induction hypothesis, we can build Tables 1 and 2.
Table 1 is for the case where y;r = 1, and Table 2 is for the case where y, = ¢ — 1. The

-----
-----

third columns of these tables. Multiplying (—1)"" for some I to S,, .. 4, (2)’s column and shift
it in these tables, we obtain (G(k), (—1)"*'g,,1(k), GR(k)). Therefore the statement follows
in the case where k is an odd.
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Table 3: Sy, ..y, (z) in the case where y, = 1 and k is an even
x Sthykfl(x) _Sylr--ayk—l(x@ yk) Sy1,~-~,yk(x)
0 —g1(k —1) —g2(k —1) —g1(k)

Jo1 (Wgk—1) (- Pgak—1)  (~1igh)

Pl (k= 1) (S gk —1)  (~1)7ge(k)
S e A O (OIS e 20

2l (C1Pgn— 1) (C1PgGH—1) (1Pt gH)

2 1 92(747.— 1) gl(k._ 1) gl&k")
2r —q1(k—1) g1k —1) 0= grt1(k)

Table 4: Sy, .y, (z) in the case where y; = ¢ — 1 and k is an even

z Syh---,yk_l(x) —Sy1, e (T D Yk) Syp (z)

0 —q1(k—1) g1(k—1) 0=gr+1(k)
1 g2(k —1) g1(k—1) g1(k)

j <—1>J’+1g;+1</< Sy (- 1>J+lg (k—=1)  (~1)7*g;(k)
P () Hga(k—1) (- >”+1 (1) (-1 g (k)

I e O A )
w—jrl (~Wgk—1)  (~120(k—1)  (~1)g(k)

2'7” —91(1;3 -1) _92(1;: -1 —91(k)

Next, we consider the case where k is an even. The argument for this even case is the same as
for the odd case, except we use Tables 3 and 4 instead of Tables 1 and 2. Multiplying (—1)1” for
some I” to Sy, 4, (z)’s column and shift it in these tables, we obtain (—G%(k), gr11(k), G(k)).
Therefore the statement follows in the case where k is an even. O

The remaining task is to prove the assumption in Lemma 4.5, i.e., that some g;(k) is not
divided by m for any even k. To show this, it is sufficient to prove the following lemma, which
is a technical lemma on GCD of the sequences.

Lemma 4.8. Let ¢ > 3 be a prime and g1(k), g2(k) ..., g-(k) be sequences defined in Definition
4.4 with q, where r = (¢ — 1)/2. Then, for any even k > 2,

ged(g1(k), g2(k), . .., gr(k)) = gD/ (a=DIFL
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Proof. If we show

q-ged(gi(k—(¢—1)),...,9/(k—(¢—1))) ifk>qg+1

d(gi(k), ..., g:(k)) =
ged(g1(k), .- -, gr(K)) {q o< k<qo L,

the lemma follows by the induction on k.
If 2 < k < q— 1, we can prove that gi(k),...,gr—p/2(k) are all 0, g,_j/241(k) = ¢, and
9r—r/242(k), ..., gr(k) are all multiples of ¢ by the induction on k. Hence

ged(gi(k), ..., 9r(k)) = g,

for 2 <k <gq.
In the case where k > g + 1, we take the following two steps as stated in Section 3.

Step 1: ged(gi(k),...,g9r(k)) = C - ged(gi(k — (¢ — 1)),...,9:(k — (¢ — 1))), where C is a
multiple by gq.

Step 2: ged(g1(k)/q, ..., 9-(k)/q) = ged(g1(k — (¢ —1)),...,gr(k — (¢ — 1))).

For proving these steps, we analyze the r x r matrix A, introduced in Section 3. Recall
that

91(k) g1(k —2)
92@‘) _ 4 gz(k‘.— 2) ’
9. (k) 6:(k—2)
where
_ , O_
1 2 1
A, = _
1 2'
0 3]
Then,
91(k) gi(k—(¢—1))
] I
grik) gr(k - .(q - 1))

Now, (A,)@~D/2 = (A4,)" since r = (¢ — 1)/2.
We can achieve these two steps using (A,)". Step 1 can be proven by the following lemma.

Lemma 4.9. If q is a prime, for any k > q+1

ged(g1(k), ..., gr(k) = C-ged(g1(k — (¢ — 1)), -, 9:(k — (¢ — 1)),

where C is a multiple of ¢ and r = (¢ — 1) /2.
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Step 2 can be proven by the following two lemmas.

Lemma 4.10. If q(A,;)™" is an integer matriz, for any k > q+ 1

scd (gl((lk)’ ggém . grék)> = ged(gi(k — (g —1)),g2(k — (g —1)),...,g.(k — (g —1))).

-r

Lemma 4.11. If ¢ > 3 is a prime, any entry of q(A,;)™" is an integer.

By these lemmas, we can show

ged(g1(k), - .- gr(k)) = q - ged(g1(k = (¢ = 1)), ..., g, (k — (¢ — 1)))
for any k > q + 1. Therefore

ged (g1(k), . .., gr(k)) = g =2/ a=DIFL,

The following corollary can be proven from Lemma 4.8.

Corollary 4.12. Let q be a prime, m be coprime to q, r = (¢ — 1)/2, and g1(k),...,g-(k) be
sequences defined in Definition 4.4 with q. Then there is a j € [r] such that g;(k) is not divided
by m for any even k > 2.

Proof. We assume m | g;(k) for all j € [r]. Then m is the common divisor of g1 (k), ..., g.(k). By
Lemma 4.8, gl(:=2/(a=D]+1 i 5 multiple of m. However m is coprime to ¢. It is a contradiction.
O

By Lemma 4.5 and Corollary 4.12, we obtain Lemma 4.1.

4.2 Step 1

First, we give an explicit formula of (A4,)". Since eigenvalues and eigenvectors of A, are compli-
cated, we predict an explicit formula of (A4,)" and then prove its correctness by the induction.

Lemma 4.13.
2r 2r ) Fitj<
. . - . . yrrJjx>sr,
e —(i— —(i+
(A Gy =4 )" ) R (4 9) ) gieszeen
if i r+1.
r—(i-5))  \i+j—(r+1) 7=
Proof Sketch. We can prove that

(465 = <z - él—ﬁ) : <z - <il+j>> " <2r e ( +i>>

for any integer [ € [r] by the induction on I. Hence

(Ar)’"(i’j)(r - (2;— j)) - <r - (2z'r+j)> i <3T+ 12—r(i+j)>'

2 2 2 o :
Note that (3r+1j(i+j)) = (2747{3”{7(2.“)}) = (iﬂ.izﬂrﬂ)). If i + j < r, the third term becomes
0,since i +j— (r+1) <0. If i +j > r + 1, the second term becomes 0, since r — (i + j) < 0.

Therefore the claim follows. O
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Using the above claim, we achieve Step 1.

Lemma 4.14 (Restated Lemma 4.9). If q is a prime, for any k > q+ 1

ged(g1(k), ..., g,(K)) = C - ged(gr(k — (¢ = 1)), ..., gr(k = (¢ = 1)),
where C is a multiple of ¢ and r = (¢ — 1) /2.
Proof. Recall that

91(k) g1k —=(¢—=1))
Do = A

(k) ok~ (g—1))

Hence it is sufficient to show (2r + 1) | (A,)" (4, j) for any ¢, 5 € [r].
In the case where i +j <,

wren=(, 2 )-(7))

:2r(2r—1)...(r+i+j+1){(r+i+j)...(r+z‘—j+1)_1}
(r—i—j)! (r—i+j)...(r—i—j+1)
2r(2r —1)...(r+i+j+1)
(r—i+j)!
Alr+i+j)...r+i—g+1)—(r—i+yj)...r—i—j5+1)}.

Let s:=r+iand t :=r —i. Then,
(r+i+Nr+iti—1) ... (r+i—G+)——i+j)r—i+j—1)...(r—i—j+1)
=(s4+)s+j—1) ... (s—j+1) —(t+)t+i—1)...(t—j+1).

By substituting s with —t — 1, the first term becomes

{(t=D+jHE-D+j-1}.. {(-=t-1)-j+1}

=(t+1—J)t+1—j+1) .. (t+1+5-1)
=(t+5)...(t—j+2)(t—j+1).

That means
{(=t=1)+j}..{(-t=1)—j+1}—=(t+j)...t—75+1)=0.

By the factor theorem, (s+j)...(s—j+1)—(t+j)...(t—j+1)is divided by s—(—t—1) = 2r+1.
Hence, there is an integer M such that

(A:)"(4,5) = 2r(2r — 1(3"_Z(7—“|_‘;)Z'+‘7 +1)

_( 2r ) (2r +1)M
(

C\r—i—j)(r—i+j) .. (r—i—j+1)

2r+1)M

Since all the factors of the denominator in this formula is smaller than 2r + 1 and 2r + 1 is a
prime, 2r + 1 remains as a factor in this formula. Therefore (A;)"(i,7) is divided by 2r + 1 in
this case.
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In the case where ¢ +j > r + 1,

S A B

2r@2r—1)...3r+2—i—j) (Gr+l—i—j)...(r+i—j+1)
B (i+j—r—1) { (r—i+j)...(i+j5—r) H}
2r2r—1)...(r+i+j+1)
(r—i+j)!
A@Br+1—i—j4)...(r+i—j+D)+(r—i+5)...(i+5—1)}.

Let s :=2r — j 4+ 1. Then,

Br+l—t—yj)...(r+i+j+1)+@r—i+j)...(0+j—r)
={2r—j+14+@r—-0}..{2r—j+1=-(r—-9)}+{j+0r—-9}..{j—(r—19)}
={s+(r—-9)}..{s=(r-)}+{j+0-9}...{—- (-0}

By substituting s with —j, the first term becomes

G+ =0} g = =D} === =D} i+ =)

That means

(=) + =0} AE) - =D+ T+ =} {7 - (r =)} =0

By the factor theorem, {s+ (r —i)}...{s—(r—0)}+{j+ (r—10)}...{j — (r — i)} is divided
by s — (—j) = 2r 4+ 1. Hence, there is an integer M such that

(A () = 212 = 1()7- : 531 ;‘2 ild

:( 2 ) 2r +1)M
(

itj—(r+D))(r—itj)...(i+j—1)

2r+1)M

Since all the factors of the denominator in this formula is smaller than 2r +1 and 2r +1 is a
prime, 2r + 1 remains as a factor in this formula. Therefore (A4,)" is also divided by 2r + 1 in
this case. O

4.3 Step 2

Now we define the integral elementary row operation, that is restricted elementary row opera-
tions for computing the GCD.

Definition 4.15 (Integral Elementary Row Operations). For a matrix A, these four operations
are called the integral elementary row operations (IERO):

1. Row-swapping of the i-th row and the j-th row: swapping the i-th row and the j-th row.

2. Row-adding to the i-th row from the j-th row times m: adding the j-th row multiplied
by a non-zero integer m to the ¢-th row.

3. Row-inserting from the ¢-th row times m: inserting a new row at bottom that is the i-th
row multiplied by a non-zero integer m.
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4. Row-deleting of the i-th row: deleting the i-th row which all entries are 0.

Observation 4.16. Let x1,...,%n,Y1,--.,Yn be integers and A be an n X n matriz. we assume
that

z1 Y1

2 _ 4 2/.2

Then, the GCD of x1,xo,...,and x, is equal to the GCD of y1,y2, ..., and y, if A is reduced
to the r x r identity matrix I, by the IERO.

We confirm the observation. Let aj,...,a, be row vectors of A and a;; be the (i, j)-entry
of A. The row-swapping of a; and a;, that is

il (Y | Y
3 e ;
a; Yj a; Yi
means
ged(x1, ... @iy g, xy) = ged(T, .., Xy, Ty, T

The row-adding to a; from a; times m, that is

n n n
thl QitYt a; Yi a; + ma;| |y thl aitYt +m thl ajtYt
: =1|: N B : = : )
n n
D=1 jtYe aj| |y a Yj D=1 jtYe
means
ged(x1, ...y Tiy .o T, xn) = ged(zr, ..., X FMTG, L, T, Ty).

The row-inserting from a; times m, that is

a; Yi| — . s
ma; Yi
means
ged(xy, .oy @iy ooy ) = ged (1, ..oy Tiy o ooy Ty MT;).
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The row-deleting of a; = 0, that is

a;—1 Yi—1
a;—1 Yi—1

0 Yi
Ai+1| |Yit+1
A1 | | Yit1 ) )
means
ng(xh s 7561'—1)0)1:7;-1-17 s 7‘Tn) = ng(xla sy Ti—15 L1y - - - 7:1:71)'

Hence these operations correspond to operations of the GCD. If we can convert A to I, that
is

ar| |mn 1 O Y1
as| [y2 1 Y2
an| |yn 0 1| Ln

ged(xy, ..., xpn) = ged(y1,y -, Yn)-

Therefore we have to show that %(AT)T can be converted to I, by the IERO.
Using the IERO, we can achieve Step 2 if ¢(A4,)”" is an integer matrix.

Lemma 4.17 (Restated Lemma 4.10). If q(A,)™" is an integer matriz, for any k > q+ 1

ged <91(§]“7)7 QQ;k) e, grék)) =ged(g1(k—(g—1)),92(k — (¢ —1)),...,g-(k— (¢ —1))).

Proof. Recall that

22 Jal—(@-D)
=y z
el gr(k—(qg—1))

By Observation 4.16, if é(AT)” is reduced to the r x r identity matrix I, by the IERO, the
lemma holds. Now we show the existence of the reduction.

Let aj; be (i, j)-th entry of ¢(A,)™" and a;; be (i, j)-th entry of %(AT)’". Note that (q(A,)~")-
(é(AT)T) = I,. If the matrix including (q(A,)™")- (%(AT)T) is created from %(AT)T by the IERO,
the lemma follows, because the matrix can be reduced by the IERO as follows:

* *




Now we show how to create (q(A4,)™") - (%(Ar)). The i-th row vector of the matrix is

T T T
E At O, E it 02, - - -, E At Oty | - (8)
t=1 t=1 t=1

It can be created by the IERO. First, we create
(ainaar, anaiz, ... anary)
by the row-inserting from the first row times a;;. Then, we convert the row to
(anon1 + aipaor, ajnaaz + apaos, . . ., 4oy + ai20o;)

by the row-adding to the new row from the second row times a;o. For each t € [r], repeating
the row-adding to the new row from the ¢-th row times a;;, we can create the wanted the i-th
row vector (8). By creating the i-th row for each i € [r|, we can create the matrix. Therefore
the lemma follows. O

Next, we show any entry of gq(A,)™" is an integer. Instead of showing that g(A,)™" is an
integer matrix directly, we prove that its 7-th power (g(A,)~!)" is a multiple of ¢"~!. Note
that (¢(A,)~1)" = ¢"~1-q(A,)~". For it, we show an explicit formula of (A4,)~! in the following

lemma.

Lemma 4.18. Let B be an r X r matriz defined as

L
(~1)H LTI Gy <
q

B(i,j) = ik
(_1)z+Ju ifi > 7.
q
Then A, - B =1, i.e., B = (A,)7L.
Proof Sketch. We just calculate A, - B. O

Now we prove that any entry of ¢(A,)™" is an integer.
Lemma 4.19 (Restated Lemma 4.11). If ¢ > 3 is a prime, any entry of q(A,)~" is an integer.

Proof. If ¢ = 3, the lemma clearly follows, since 3(A1)71(1,1) = 3-1/3 = 1. We only consider
the case where ¢ > 5. Since (¢(4,)™H)" = ¢"~1 - q(A,)™", it is sufficient to show that every
entry of (q(A,)~!)" is a multiple of ¢"~!. Then, the following claims hold.

Claim 4.20. For any integers o and 3 such that 1 < a < <r—1, if

T ' '
Z Z --.Ztﬁmin(tﬁ,tﬁ_l)min(tﬁ_l,tg_g)...min(taﬂ,ta)ta

tg=1tg_1=1 ta=1

is a multiple of 2r + 1, then any entry of (q(AT)_l)r is a multiple of ¢"~ .

Claim 4.21. For any integers a and 8 > «, there are constants 6,0y, ...,04 such that
' T T T )
Z Z e Z tg min(tﬁ, tﬁ_l) min(tﬁ_l, tg_g) - min(ta+1, ta)ta = Z Z Hit%, (9)
tg=1ltg_1=1 ta=1 tg=1 2<i<d
1. even

where d < 2(f — a+ 1).
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Claim 4.22. Let | <r be an integer. If 2r + 1 is a prime, Y ;_, t2! is a multiple of 2r + 1.

Now we use these claims for proving this lemma. Let oz and § be integers such that 1 < o <
B <r—1. From Claim 4.21, Equation (9) holds with d < 2(8—a+1) <2(r—1-141) < 2r.
The righthand side of (9) is

r
IR UDI

2<i<d tg=1

i1 even

Each term 6; Z;ﬁzl tfg is a multiple of 2r + 1 from Claim 4.22, since each ¢ is an even and

i < d < 2r. Hence (9) is also a multiple of ¢ = 2r + 1. Therefore any entry of (g(A,)™1)" is a
multiple of ¢"~! from Claim 4.20. O

From now on, we prove Claims 4.20 and 4.21. Claim 4.22 is easily obtained from basic
properties of a power sum (see e.g., [GKP89)]).

Proof of Claim 4.20. Let a;; = q(A;)"1(i, 7). Then,

(q(A) D" (i,4) = Z Z Z ity Aty + - Aty oty Aty (10)

tr—1=1t,_o=1 t1=1

Note that each ay, is (—1)“™ "1 (2uv — qu) if u < v, and (=1)*""(qu — 2uv) if u > v. Let
Eup = (=1)¥TF 12yp and let 7y, = (—1)“"qu if u < v and 7y, = (=1)*"qv if u > v. Then
the righthand side of (10) is

Z Z g’ltl + 7711‘4 £t1t2 + 77t1t2) (gtr-—Qtr—l + ntr—2tr—l)(£tr—1j + 77tr_1j)

tr—1=1 t1=1

Z e Z SitnStnta - Strrj F MitsStrtn -+ - Etprg + o F ity Maty - - - Mee

tr—1=1 t1=1

(¢1 (pr—1) _(or)
E : Tity Ttth Tty Tt 150
tr—1=1 t1=1

where 7'1%5) be &y if ¢ = 0 and 7, if ¢ = 1.
It is obvious that (q(A4,)~1)"(i,5) is a multiple of ¢" ! if

o) o [ br—
(¢1 (b) Z Z’ l(tll ’Tt1t2 a Tt(r72t1‘) 1H tr— 1)J’

tr—1=1 t1=1

is a multiple of ¢" . Below, we show that so is 4(®1¢") for every ¢1, ..., ¢y

If |{i : ¢; = 1}| > r — 1, that is, 4(?1»?") contains at least r — 1 terms of the form
|Tu,v] = ¢min(u,v), then A(@15¢r) g clearly a multiple of ¢"~'. Therefore, we arbitrarily fix
b1, ..., dp so that (@) only contains at most r — 2 terms of the form 0] -

Let k := |{i : ¢; = 0}/, that is, the number of |, | = 2uv in y(¢1¢"). Note that k > 2.
Then the term fy(d’l""’m) with fixed ¢1, ..., ¢, is denoted by

Z Z bity - be,_ 14

tr—1=1 t1=1
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where by, € {2uv, ¢gmin(u,v)}.

For ease of notation, we denote ¢ and j by ¢y and t,. Suppose that si,...,s; € {0,...,r}
indicate the locations of the terms of the form 2uwv, i.e., btsitsi+1 = 2tg,ts,41 for every 1.

Then, we have

Z Z 2t81t81+1{q min(tshLla t81+2) T qmin(tSQ*h t52)}2t32t32+1 T
tr—1=1 t1=1

2, Lt +1{gmin(ts, 41,ts, ,42) - qmin(te,—1,ts, )} 2ts tet1

Recall that the number of the terms of the form gmin(u,v) is r — k in . Thus, moving all the
factors ¢ into head, we have

T T
Y= qr_k Z e Z o '2t81t51+1{min(tsl+1> t81+2) o 'min(t82—17 t82)}2t82t82+1 T
lsp+1=1 ts;=1

o 2t5k71t5k71+1{min(tsk—1+17 t3k71+2) o 'min(tsk—h tsk)}Qtsktsk+1 e

To apply the assumption of the claim to «, transforming the above expression to

r r
Y= qrik Z T Z T 2t51 Z Z lsy+1 mln Usi+1, t81+2) min(tsz—lv t82)t82 2t82+1 T

tr—1=1 t1=1 ts+1=1
T T
2y, E : T E : sy ramin(ts, 41,ts,_ +2) - -min(ts, —1,ts, )ts, | 2,41+

tsk—1+1:1 tsk:1

By the assumption of the claim that Ztﬁ c > tgmin(tg, tg1) min(tg_1,t5-2) ... min(ta+1, ta)ta
is a multiple of ¢ = 2r + 1, since we can apply this assumption to the k — 1 locations parenthe-
sized in the above expression, 7 is a multiple of ¢" % - ¢F~1 = ¢"~1. O

Proof of Claim 4.21. Induction on (. In the base case where 3 = a, the lefthand side of (9)
is 2:5:1 t%. Note that 2(5 — a+ 1) = 2 in this case. Hence the statement follows in the base
case.

In the inductive case, we assume that there are constants 64,0,4_o, ..., 605 such that
T T T T
Z Z e Z tg—1 min(tﬁ_l, tﬁ_g) - min(taﬂ, ta)ta = Z Z Qitzﬁ_l,
tg_1=11g o=1 ta=1 tg_1=1 QSZSd
1. even

where d < 2(f—1—a+1) =2( — a). We show from this inductive hypothesis the statement
holds.
Then

r

.
Z cee Z min(tﬁ_l, tg_g) ce min(ta+1, ta)ta = Z 01+1tlﬁ_1.

tg_o=1  ta=1 1<i<d—1
i: odd
Let X, , be the above summation Y i odd 0i+1tiﬁ_1. It therefore suffices to show that there

are constants 61,05, ..., | such that

T

> minftg,tg) X, , = > Oth, (11)

tg_1=1 1<i<d+1
i: odd
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since

IS T ' IS
Z Z tgmin(ts, tg_1)X,—1 = Z Z Z tgmin(tg,tg_1) ... min(tat1, ta)ta

tg=1ltg_1=1 tg=1tg_1=1 ta=1

r
_ / 7
=D, D Giats
tg=12<i<d+2
1: even

and then d + 2 < 2(8 — o + 1) if Equation (11) holds, which completes the induction.

Now, we show that Equation (11) holds. For simplification, we denote tg_; by t and tg by
z. Then the lefthand side of (11) is

Zmlnz )X = ZtXt—i- Z 2 X4

t= z—|—1
T
—ZtXt ZZXt+ZZXt.
t=1 t=1

Therefore, it is sufficient to show that the above expression has an odd degree on z and the
maximum degree is at most d + 1.

The last term ) ;_, z2X; obviously is of degree 1 on z. For the remaining two terms, we use
the following claim, that presents implicit forms of the power sum. This claim is also obtained
from basic properties of a power sum (see e.g., [GKP89]).

Claim 4.23. Let i be a positive integer. There are constants cg,c1, ..., ci+1 such that if i is an
even

i/2

7=0

and if v 1s an odd
(i+1)/2

Ztl— “2 E C9;7°

From this claim, the two terms can be wrltten as

z z 1 (i+1)/2
i+1 i+1 2j+1
YotXi= D > bttt = Y 6in §Zl+ + Y et
t=1 1<i<d—1 t=1 1<i<d—1 §=0
i: odd i: odd
and
z z 1 (i+1)/2
j i+1 2j+1
)IETED D SUNEISED SEVA LR g
t=1 1<i<d—1 t=1 1<i<d—1 §=0
i: odd i: odd
Therefore, we have for the two terms
(i4+1)/2
2j+1
ZtXt ZZXt = Z 9i+1 Z (02j+1 — CQj)Z s
t=1 1<i<d—1 =0

i: odd
The righthand side of the above expression only has terms of odd degree and the maximum

degree is at most d+ 1. Therefore, for some constants 07, 63..., 0, | Equation (11) holds, which
completes the inductive case. O
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5 Open Problem

We have shown that the correlation Corr(MOD,,, chq)) is exponentially small for a prime ¢
and an integer m coprime to ¢. An obvious open problem is to extend the parameter ¢ from
primes to general integers.

In the estimation of Uf(e‘}n), we have proven

ged(g1(k), g2(k), - . ., g (k)) = glE=D/(a=1I+1

for an odd prime ¢, where r = |¢/2]. We conjecture by using computer programs that the
following holds:

ged(g1(k), g2(k), - -

a power of p if ¢ is a power of a prime p
 gr(k)) = )
q otherwise.

If we resolve this conjecture, we can prove the case where ¢ is a power of some prime and the
most general case.
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