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Abstract
A new notion of relativization—stringent relativization—has been proposed
recently [CWO06] for discussing collapsing relations of complexity classes,
with which we hope to open a new approach for studying complexity classes.
Starting with the motivation of this notion, we discuss the meaning and
implication of collapsing relations under the stringent relativization.

1 Introduction to Stringent Relativization

The notion of relativization was introduced to demonstrate the difficulty of proving certain
relations among complexity classes. For example, regarding the most famous complexity rela-
tion, that of P and NP, Baker, Gill and Solovay [BGS75] showed that we can relativize it in
both ways; that is, there exist two oracles A and B such that P4 = NP# (the collapsing) holds
and PP # NP® (the separation) holds. This pair of relativized results means that the relation
between P and NP cannot be solved by any argument that is also applicable to relativized
classes.

Here we focus on relativized collapsing relations. Cai and Watanabe [CW03, CW04, CW06]
recently raised some questions on the stringency of the relativization model used for discussing
collapsing relations, and they proposed an alternative relativization model, which requires us to
make more stringent relativized comparisons. Note that relativization and its related notions
have been used as tools for analyzing complexity classes; see, e.g., [BDG89, HO02]. We think
that our stringent relativization also provides a new approach for studying complexity classes.
(Remark: There have been some minor changes in the definition of “stringent relativization”
in those three papers [CW03, CW04, CWO06]. In this note we follow the definition and notations
introduced/used in [CWO06].)
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1.1 Motivation and Definition

Consider the relation between P and NP. For this relation, perhaps the most straightforward
proof of a relativized collapse is to use any standard PSPACE-complete set K as an oracle.
Since NPX C PSPACE, the result of any NPX-computation on a given instance x can be
obtained by asking one query to the oracle K; furthermore, the query is easy to compute (i.e.,
polynomial-time computable) from z. This proves that NPX C PX. While this argument is
valid, we feel that it is based on a model of computation which is not stringent enough.

To clarify our point, consider the above argument more carefully. Let K be the canonical
PSPACE-complete set,

K = {(M,z,0°) : M accepts x by using s space },

where M, x, and 0° are respectively the description of a deterministic Turing machine (with
no oracle access), a string in {0,1}*, and a sequence of s 0’s. We assume that (M, x,0%) is
encoded as a string in {0,1}* in some reasonable way.

We show that PX = NPX by demonstrating that the result of any execution of any NP-
query machine relative to K can be obtained by asking one simple query to K. Consider any
polynomial-time nondeterministic query Turing machine ()¢9 and an input x. Note that the
computation of Q¥ can be simulated by some PSPACE-machine My; in particular, Qf (z) can
be simulated by Mo(z) using so(|z|) space. Thus, the result of Q& () is determined by asking
a query (Mo, x,0%(#D) to K. Now the construction of a P-query machine Q; simulating QK is
easy; @1 simply asks the query (M, , 050("3”) to K, and then outputs its answer. In this way,
for a given NP-query machine, we can define a P-query machine simulating it with queries to
K.

Notice here that a query made by @) is longer than queries asked in the simulated Qé(
computation. This seems unavoidable so long as the oracle K is used. That is, queries made
by simulating machine )1 are longer than those asked by simulated machine @QQy. Intuitively,
this relativized collapse is shown by allowing simulating machines more access to an oracle
than simulated machines.

Similar to this case, most of the known relativized collapsing results are proved by us-
ing such asymmetric access to an oracle. One can argue that this asymmetry is within a
polynomial factor; but it nonetheless denies access to certain segments of the oracle to the
simulated machine while it affords such access to the simulating machine. We think that a
better comparison can be made of the underlying computational powers if we can introduce a
relativization model where such asymmetry is naturally avoided.

Our solution is simple. We introduce some length bound #(n) and require that both
simulated and simulating machines query only strings of length < ¢(n) on length n input.
In this way, we restrict both machines to access to the same portion of a given oracle set.
Precisely, the notion of stringent relativized class is defined as follows.

Definition 1. Fix one length bound function ¢(n). We assume that the domain of inputs and

queries is {0, 1}*.

(1) A query machine @ is £(n)-query length bounded if for any string x of length n, the machine,
during the execution on input z, makes only queries of length at most ¢(n).

(2) For any complexity class C, let Q be a class of ¢(n)-query length bounded query machines
corresponding to C. For any set G, C{G) is the class of sets recognized by some Q in Q
relative to G.



Remark: We can use any reasonable function for the length bound ¢(n); but for technical
reasons, we need to assume ¢(n) > n. For the sake of simplicity, we fix {(n) = 3n throughout
this note.

Now for any two complexity classes C; and Ca, we say that Cy is collapsed to Co under the
stringent relativization if C£G> - C§G> for some oracle set G.

The stringent relativization can also be regarded as a nonuniform computation model,
where a machine can access an exponentially long advice string. More specifically, we consider
machines that have random access to a given advice string of size L(n) = 2/(") (= 237 for
length n inputs. For any advice function s from n to {0, 1}2(") we use P/,(s) (and similarly for
other complexity classes) to denote the class of sets recognized by polynomial-time machines
with random access to the advice string s(0)s(1) - - - s(n) during their computation on length
n inputs. Then it is easy to see that for any oracle G, we have an advice function s such that
P& = P/,(s), and vice versa.

1.2 Open Problems (1)

One may ask whether it is still possible to prove that P = NP relative to K under the
stringent relativization, by using a more sophisticated reduction. Or instead of using the
canonical PSPACE-complete set K, one can use some other well designed PSPACE-complete
set to prove that P = NP under the stringent relativization. Or one may make use of some
complete set in some much higher class C than PSPACE to prove the stringent relativized
collapse between P and NP. While we conjecture that there is no such possibility, we have not
been able to give any evidence supporting our conjecture. It would be interesting if one can
derive some unlikely consequence from the assumption that P&} = NP(& ") for some complete
set K' of some higher complexity class.

2 Collapse under the Stringent Relativization

We describe a standard method for proving a stringent relativized collapse, and survey major
collapsing results we have been able to prove so far.

Suppose that we want to construct some oracle set such that C§G> C C§G>. Let Q1 be the
class (more precisely, an enumeration) of ¢(n)-query length bounded query machines corre-
sponding to the class C;. Formally speaking, we need to consider all machines @1, @2, ... in
Q1 and design G so that all of them are simulated by somewhat weaker machines for the class
Cy with the help of G. But usually it is enough to consider the simulation of one given machine
Qi, in Q1; once we establish a way to construct an oracle for simulating @);,, it is rather a
standard argument to define G that works for all @;’s in Q1. Also we usually need to consider
only one given input lengths n and we may assume that the part G<") has been already
constructed; generalizing the construction for all input length is again easy. Thus, we fix one
query machine Q € Q; and one input length n. Let N = 2" and L = 2¢™ (= 23"), where N is
the number of all length n input strings. We consider enumerations of input strings in {0, 1}"
and query strings in {0, 1}*(™) w.r.t. some appropriate ordering; let w1, ..., wy and qi,...,qz
be, respectively, this enumeration of {0,1}" and {0, 1}5(").

Note that for each w;, the computation of Q(w;) is determined by the choice of an oracle
set G, more specifically, by the part G={") . Let x1, ...,z be Boolean variables specifying the
membership of q1,...,qr in G; that is, ; = 1 if and only if g; is chosen as an element of G.



Then the result of Q%(w;) is a function fw,; over these Boolean variables z1,...,zr. Hence,

our goal is to determine assignments to x1,...,xy so that the following system of equations
hold.
fu (1, s2L) = gu,(x1,...,2L),

fuws (1, cs2L) = guy(T1,-..,2L),

(1)

wa(xl7"'axL) = ng(x17...,$L).

Here ¢ is some relatively simple function corresponding to some Co-machine. For example,
for constructing an oracle collapsing NP to P, each g,,, corresponds to the execution of some
P-machine on input w;. Thus, g, can see only poly(n) variables z;,,...,zj, of z1,...,2p,
whereas f,,, has access to all z1,...,z.

As an example of this method, let us see the proof of the following stringent collapse.
This is the same as the standard oracle construction [Wil83]; in fact, it is essentially the only
example that the standard oracle construction can be used for proving a stringent collapse.

Theorem 1. There exists an oracle G such that NP(&) C (P /poly){&.

Proof Outline. Consider any NP-query machine @) and any sufficiently large input length n.
We assume that the oracle G has been constructed up to length < ¢(n), and our task is to de-
termine the part G=¢(™ in other words, the assignments to the above mentioned Boolean vari-
ables z1,...,zr. The idea is to first “freeze” (see below) the result of Q¢ on every w; by fixing
assignments to some poly(n)N variables of x1,...,zr, which we call “freezing assignments”.
Then the other variables can be assigned arbitrarily without changing Q% (w1),..., Q% (wy).
Since L (= 23") > poly(n)N (= poly(n)2"), there exists some jo such that all N variables
Tjo+1sTjo42,- - - Tjo+N have not been used for the “freezing assignments”. Thus, we use these
variables to encode Q% (w1),...,Q%(wy); then one can get the result Q% (w;) by simply ask-
ing gj,+i to G; in other words, the system of equations (1) holds by using a function g so
that gu,(21,...,21) = j,+4, which can be implemented as a P-computation using an advice
information for jg.

To freeze the result of Q° on, say, wy, we ask whether there exists an extension of (so
far constructed) G so that QF accepts wy. If such an extension exists, then choose some
accepting path of Q% (w;), and fix the membership of queries to G=!") asked on the path,
i.e., fix assignments to corresponding variables of z1,...,x, thereby “freezing” the result of
Q%(w1). (On the other hand, if no such extension exists, we do nothing; w is rejected anyway
no matter how G is extended.) We do this process for inputs wa, ws, ..., wy, in turn. Note that
at most some poly(n) assignments are made for each input; thus, as a total, all computations
are frozen by assigning at most poly(n)N variables. O

There are two ways to strengthen the collapse of the above theorem; consider either higher
classes than NP, or lower classes than P/poly. Stringent collapsing results we have obtained
so far belong to such extensions.

First consider classes higher than NP, in particular, classes in the polynomial-time hier-
archy and PH itself vs. P/poly. Recall P/poly = SIZE[poly|, where SIZE[s(n)] denotes the
class of languages recognized by O(s(n))-size circuits, and SIZE[poly] denotes | J,- o SIZE[nF].
With this circuit class, we point out that the above proof of Theorem 1 in fact shows that
NP{& C SIZE(@) [n] for some G. But due to the real separation [Kan82], we cannot have, e.g.,



Z§’<X> C SIZEX[p(n)] for any fixed polynomial p. Thus, the above proof outline cannot be

used (at least in a straightforward way) to prove PH) C SIZE(D) [poly] for some H. Yet we
have been able to prove it [CWO03] by following the above mentioned method. The key idea
is to use “random partial assignments” [FSS81, Ajt83, Yao85, Cai86, Has86]; we can show
that the value of functions f,,’s corresponding to any PH-computation can be “frozen” by
using random partial assignments to x1,...,xr, while keeping enough unassigned variables.
We then “derandomized” it by [NW94] thereby obtaining a way to encode the results so that
a simple function g corresponding to some P /poly-computation can decode it.

Next consider collapses to P, lower than the class P/poly. In [CW06], we could improve
the argument of [CW03] and show an oracle collapsing PH to P. The idea of using “random
partial assignments” is the same; a new idea is to use the parity of some polynomially many
variables x;,,...,x;,, where the set of variables can be determined in polynomial-time from a
given input w;. That is, we define g to be gy, (z1,...,21) = zj, ®xj, - D xj,. Then using
the fact that each f,,, becomes a low degree polynomial after some appropriate random partial
assignment and using the algebraic technique of Razborov and Smolensky [Raz87, Smo87|, we
can show some assignment exists satisfying our target equations (1). By a similar argument,
we can also show the collapse of ®P to P. Altogether we have the following collapsing result.

Theorem 2. For any prime p, there exists an oracle set J such that (Modg 0 = pi,

2.1 Open Problems (2)

We can consider various collapsing relations proved by the standard relativization. Among
them the most typical one is the relation between P and PSPACE. Showing the stringent
collapse of PSPACE to P is an interesting open question and it has, as we will see below, an
important implication to real complexity classes. A problem with a similar implication and
maybe a more tractable one is to show

DSPACE[n]‘?) C (P/poly)'“, (2)

by some oracle set G.

3 Some Discussions

We think that our stringent relativization notion provides us with a new approach for studying
complexity classes and their relationships. Below we discuss this from two points of view.

3.1 A High Level Point of View: New Relativization Framework

As we have seen above, there is some asymmetry of oracle access in the standard relativization.
One may claim that this asymmetry is indeed natural; a machine with a larger resource bound
should be able to access the part of the oracle that a machine with a smaller resource bound
cannot access. While this claim makes sense, the asymmetry sometimes gives too easy a
collapsing result, not reflecting the hardness of proving the real separation, especially for fine
comparisons w.r.t. specific resource bounds.

Consider, for example, the relation between NTIME[n?] and DTIME[n3]. We conjecture
that NTIME[n?] ¢ DTIME[n?], and we expect this to be a difficult assertion to prove. To



justify the difficulty of proving this conjecture, we need a collapsing “relativized” result show-
ing NTIME[n?] € DTIME[n3]. But by the standard relativization framework, such collapse
is shown by the following trivial argument: As before, we consider the simulation of a given
NTIME[n?]-query machine Qg by some DTIME[n3]-query machine Q1. Then for this simu-
lation, we only have to encode, for each input length n, the results of (Jy’s computations on
all length n inputs, in the range of length n? part of the oracle set, which can be read by the
DTIME[n3]-query machine Q. This encoding is possible because Qo cannot make queries of
length n3. We think that such a trivial argument does not help much in our understanding as
to why is it hard to prove NTIME[n?] ¢ DTIME[n?].

Cast in this light, then, what would be a reasonable relativization model? By relativiza-
tion, we would like to show a “parallel world”, where a relation against our conjecture such as
NTIME[n?] € DTIME[n?%] indeed holds. Such a parallel world is introduced by considering a
“non-standard model” of computation obtained by extending a set of primitives of computa-
tion. That is, we assume that some new set of primitives, where each primitive is computable
at unit computational cost. Clearly, adding some finite set of primitives does not make any
difference. Thus, we need an unbounded number of primitives; one reasonable framework is
to extend primitives by some a priori fixed family consisting of an infinite number of black
box Boolean predicates { By }x>0, where each By is a predicate defined on {0, 1}*. Of course,
these new primitives must be used under a certain restriction, and a natural approach is to
limit their usage in terms of the resource bound of the computation examined. This approach
is taken for the standard relativization model; but this approach in general has the asymme-
try problem that we pointed out earlier. For our stringent relativization model, a different
restriction is introduced. We use some fixed function ¢(n) on input size n, and we require
the same finite subset { By }o<p<¢(n) of predicates be used by both simulating and simulated
machines at any given input length n. Note that the query length bound ¢(n) must be smaller
than the resource bounds of both simulating and simulated machines, and for investigating
“polynomially bounded” complexity classes, we propose to use £(n) = cn for the query length
bound.

The stringent relativization provides an intermediate world between the one given by the
standard relativization and the real world. Showing collapsing results in the stringent model
gets harder than in the standard relativization model (and it is still much easier (or indeed
possible) than in the real world); due to this, we expect that better understanding on the rela-
tion between target complexity classes can be obtained. For example, based on the argument
proving PHY) € P/, we can prove that NTIME(” [n2] C DTIME[n*] for some constant
k > 2. Here recall the key method explained in Section 2. Although some NTIME[n?]-
machine can make all 24 queries on its nondeterministic computation on every input of
length n, one can make any such nondeterministic computation useless by choosing answers
to these queries (i.e., the oracle J :Z(”)) appropriately, thereby deriving some relatively simple
DTIME[n*]-simulation. We think that such an observation would give us some insight into
the nondeterministic computation.

3.2 A Technical Perspective: New Approach

Relativization has been also used to study the real world computation. Some stringent collapses
may have some implications for the structure of real complexity classes. In fact, the following
very nice observation due to Lance Fortnow [For05] shows the technical importance of the
stringent P vs. PSPACE relation.



Theorem 3. The stringent collapse of PSPACE to P implies
P ¢ DSPACE[polylog(n)].

Proof Outline. We consider the contrapositive; that is, we assume that P C DSPACE[polylog(n)]
and derive PSPACE(®) ¢ P(%) for any oracle set G.

First note that there exists some deterministic machine diagonalizing all P-machines and
running in time 29 It is easy to modify it to a 20(")-time stringent query machine @ that
diagonalizes all polynomial-time stringent query machines. That is, for any oracle set G, we
have L(Q{%)) ¢ P{®). Consider the following set.

Ly = { (z,a1,az,...,a3) | L= 231741 — 1 and Ql*t-9z] accepts x }.

Here by [a1,...,az] (where each a; € {0,1}), we mean a set A C {0,1}=%" with a characteristic
function y 4 satisfying xA(\) = a1, xa(0) = a2, xa(1) = as, ..., xa(1%") = aj. Then we have
Ly € P, and by the assumption, it holds that Ly € DSPACE[polylog(n)]; that is, we have some
deterministic polylog-space machine recognizing L. It is then easy to see that this polylog-
space computation (on a given input of length n) can be simulated by some deterministic
polynomial-space stringent query machine using the oracle [a1,a, ..., a;]. Therefore, we have

L(Q<G>) € PSPACE!® for any oracle G, thereby concluding PSPACE(“) ¢ P(G). 0O

Note that the above argument can be modified to show that
3G [ DSPACE(“[n] C P9 ] — DL g P.

where DL = DSPACE[logn]. Also note that we can diagonalize all polynomial-size circuits by
some AL-computation, thereby showing AY ¢ P/poly [CW03], where ALY denotes the 20()-
version of the class Ag. Thus, by almost the same argument, we can show the following
relation.

3G [ DSPACE'“[n] C (P/poly){® ] = DL z AL. (3)

Therefore, the solution to our open question (2) implies this real separation.

3.3 Open Problems (3)

Recall that the separation from P/poly can be made by a subclass of Ag; for example, we can
show that S5 ¢ P/poly, where S5 C ¥ N1IE [Cai01]. Thus, one may expect a stronger conse-
quence than (3), namely, DL ; SQP. But the proof of the separation lacks certain constructivity
in a technical sense (see [CWO03]), and therefore it cannot be used for Fortnow’s proof above.
Our last open question is to improve Fortnow’s proof and show the following relation.

3G [ DSPACE9[n] C (P/poly){®? ] = DL Z Sb.
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